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Abstract

In problems of regression, techniques of model selectidmandel mixing are often used to produce a combined procdutieout advance knowledge of which model is best) for wiadke would
hope that the resulting performance (in square-error lwes)d be comparable or perhaps even superior to what is\athigy the best of the individual models.

For Gaussian regression, we examine two major cases anibgevethods for model mixing (convexly combining) and asalyg the risks of the mixture estimators. In either casecouarponent
models arise from using arbitrary subsets of availableesgprs, which also includes models of the common leadimg-tgpe. The first case involves mixing ordinary least-sgaastimators on
chosen subsets (the coefficients outside the chosen subsestamated by zero). In the second case, we mix estimdtatapply two positive-part James-Stein shrinkage estirmabne on the
chosen subset and the other on the subset’s complemens.igldone because of the shrinkage estimator’s nice riskeptiep, uniform in the unknown parameter.) In both cases;amsider model
weights related to the risk estimate for each individuahestor, as this can sometimes arise when the weights arendatsl from Bayes posterior probabilities. We analyse drased estimate of
the risk of the averaged estimator and relate it to estinaftd®e risk achieved by estimators for the individual mod@sir analysis provides simple and accurate bounds on tk& fisthe form of
sharp and exact oracle inequalities.

Furthermore, we provide simulation results for the leadgmgn models. They show that performance of these mixtummators is always better than that suggested by the acalyisk bounds.
Also, our mixture always performs better than the modelcigle estimators using Akaike’s information criterion.
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Chapter 1

Overview

Often in regression, a common practice is to select a subagabable regressors, and to
use the least-squares estimate on these selected vatialffitethe response. This is useful
especially when a parsimonious model for explanation ofélsponse is desired. However,
it is well-known that model selection procedures can beabist as small changes in the
data often lead to a significant change in model choice. Maedthe inference done with
least-squares on the chosen model does not account for onozkrtainty from the selection
procedure, and therefore can be overly optimistic.

In this thesis, we demonstrate a scheme for convexly comiprgigression procedures for
which the risk, under squared-error loss, is not much mae #n idealized target defined
by the risk achieved by the best of all the models conside(&tis is what Yang (2004)
calls combining for adaptatiorand the risk target is termed tineodel selection targety
Tsybakov (2003) since a best model is being selected fronsl&es.) One motivation for
such mixtures comes from consideration of Bayes procedtinese and their limits are
the admissible procedures in any statistical decisionlpmp With squared-error loss, the
Bayes procedures are posterior weighted averages of ineagsits for each model (see the
references in Hoeting et al. (1999)), not model selectighsecondary motivation is that
mixing effectively expands the model class to the class c¢iimg all convex combinations
of the models in the considered class.

We achieve this goal here by certain choices of the weightsttapt to the data. Our the-
oretical results are the sharp risk bounds (also calledemequalities) mentioned above.
Moreover, in simulations, the resulting mixture estimatfien performs better than a selec-
tion based estimator for a good part of the parameter space.

We will present our results in mixing two types of subset esgion estimators: least-
squares and positive-part James-Stein shrinkage estsr{atosimply shrinkage estimators
henceforth). The former refers to choosing a subset of ssgre and simply using the
least-squares estimate for the regression coefficients,(getting the coefficients outside
the subset to zero). These are also nicknamed the “alliingy estimators. The latter
refers to using two separate applications of the posita-pames-Stein estimators on the
chosen subset and its complement (with each being thedqasres estimate on each part
shrunk by a data-determined fraction between 0 and 1). Shissirable because it is well-
known that such a shrinkage estimator has uniformly lowsd¢ tthan least-squares. In each
case, the mixture estimator is a convex combination of tiseriteed component estimators

(indexed by the different chosen subsets).

1.1 Problem Statement

Consider a Gaussian regression problem in which we hawiservations and a design of
rankd < n. For mathematical convenience, we assume that the vasafiar observa-
tion errors are known so that we can always rescale our \agdb arrive at a regression
canonical form. That is, we observé € R?, normally distributed with mea#,

X ~ Nd(97021)7

where eachy; is the unknown coefficient for regressigrwhich can be a combination of
multiple explanatory variables (and transforms theréd@. will put

on="/n

here as it is the case for a typical regression problem inkvbétter accuracy for observing
and estimating the responses is obtained as the sample isizeeases. However, is fixed
in this thesis: even though our analysis is non-asymptatis, retained in the scaling here
for a rough comparison of our risk bounds with those in therditure which use (often
asymptotic).

Thus we have a multivariate normal location problem undemaseterror loss. In this
setting, X is both the least-squares estimator and the maximum#ided estimator. One
may also think of th@, as the coefficients in the representation of a responseidurictan
orthonormalized basis, with dimensidrthat may be as large as Please see Appendix 1
for more discussion of the relationship of function estioratvith the canonical regression
problem.

Letm be a subset of1, 2, ..., d}, representing a particular subset of available regressors
andd™ is an estimator for the model supported by this subset. Famgle, we can simply
use the least-squares estimator for the regressors intinde, and estimate the coefficients
of the other regressors by 0. This way,

0" = Xiljiemy, i=1,...,d.



We will also consider positive-part James-Stein shrinkegjamators in lieu of least-squares
é:n = (Cm]I{iem} —I—Cmc]I{igm})Xi, i=1,...,d

wherec,, € [0,1] depends only o{ X; : ¢ € m}, andmutatis mutandigor c,,- where

m¢ denotes{1,...,d}\m. We form a convex combination of a finite clagdd of these
estimators
0=">" pmb™, (1.2)
meM

where the weight$ 5., : m € M} (chosen later) sum to one and depend on the data. In

general, we use a prior model probabilitymf, for modelm (with >~ mm = 1), which
can be simplied to the uniform distribution @vt if no prior knowledge is available. For the
mixture of least-squares estimators, we will show the feita risk bound (Theorem 3.6)

N 2 . Am 2 2 1
E|f -0 < inf [E 6™ — 0]° + 402 log H}’ 1.2)
where| - | is the Euclidean norm; and for the mixture of shrinkage estors, we will show
(Theorem 3.9)
E |0 —6]* < inf {]E 6™ —0° + o2 [1+81og L]} (1.3)
meM Tm

Recall thatz2 = '/,, for a canonical regression problem witlobservations. When uniform
priors T, = 1/M are used, wherd/ = #M is the cardinality ofM, then the above
results become

E10—6° < inf E 0™ —0° + L log M (1.2)
meM n
for least-squares and
E|§—6 < inf E|§™ —g? + L5108 M 1.3)
meM n

for shrinkage estimators. Tighter bounds are obtainedh®muniform model prior in The-
orem 2.26 (least-squares) and Theorem 2.49 (shrinkagbéptin(1.2") and (1.3’), we may
define the risk target as the minimum of the risks of the egtirsanixed, i.e.

_ . Am_ 2
Te =1x(M) = Wilelf\/lE |6 o). (1.4)

In both cases, the excess beyond the targets in the uppedbaue of ordet/,, log M.
When the model classet are the same for both mixture estimators, the risk targetist
in the shrinkage case than in the least-squares case, awithiglual shrinkage estimators
have lower risks than those of least-squares, and the slgénkisk target is much lower
when|6| is small. This shrinkage risk advantage offsets the largefficient of 8, as op-
posed to 4 in least-squares for the log-cardinality ternménrisk bounds.

A theme common to both cases is to use weightsthat are decreasing functions of
risk estimates of the individual models, thus providing eu®on models assessed to have
smaller risks. Specifically, we use

exp(—fBfm/o7)
ot €XD(= PPy [02)’

pm = pm(B) = 5 B >0, (1.5)

for modelm, wheref,, is a risk estimate for modeh because such a choice yields the
above bounds on the risk of the resulting mixture. We wiltdss choices fof in the next
chapter.

A notable feature of our work is that in each of the two casesc@mpute annbiased es-
timate of riskfor the mixture estimator based on Stein (1973, 1981), wbichbe expressed
in terms of the combination of the risk estimates for the congmt estimators under the in-
dividual models. This is useful for not only the resultingkrbound, but also in real practice
when one wish to assess the quality of the mixture estimator.

1.2 Background

When least-squares estimators are used, our weights (16)a'/. are similar to those
proposed in Buckland et al. (1997) for mixing (arbitrarydimstors, where only numerical
analysis is provided. The exponential form of weights (veitharbitrary3) was also used
in section 2.6 of Yang (2004) for prediction oracle ineqtiedi, but it is closely related to
the Cesaro mean of densities used in Barron (1987), Yan@(20®3), and Catoni (1997),
when applied to Gaussian errors. In both Catoni (1999) (aeneled version of Catoni
(1997)) and Yang (2004), oracle inequalities similar tosowere obtained for the mean-
squared error for prediction via mixing arbitrary boundedression functions. However,
theirlog M terms have coefficients depending on the assumptions oftidems, and are
larger than ours even in the simplest Gaussian setting. kt ofathe work by Yang and
Catoni, they also split the data into two sets, one for sgtiire weights, and the other for
forming the estimateg™. In contrast, the analysis technique employed here all@gsotfi
all the data, and all at once in constructing both the weightsthe estimates.

In the case of mixing shrinkage estimators, even though @ights retain the exponen-
tial form, the use of risk estimates takes us quite afar frobendontexts considered in the
aforementioned papers.

In both cases, thing M terms in (1.2"), (1.3') are reminiscent of that in the oraitie
equality with the model selection target in Tsybakov (20@&hough the setting there is in
function estimation restricted to certain situations.

We will discuss these two cases separately in relation tstiegi work in the literature,
but our techniques used to arrive at the risk bounds in thasescare similar. The least-
squares estimators are discussed in greater details iovargiew for their simplicity —
the details of the shrinkage case will be deferred to the deapter. In particular, because
they are widely studied in the literature, and also becatideeo simplicity, we will discuss
mixing estimators under the leading-term models in gredégth. This also serves well
as an introduction. But we emphasize that our results hal@ifioitrary subset regression
models.

1.2.1 Least-Squares (“All-or-Nothing”) Estimators

Leading-Term Models

One focus is the case when the regressors are ordered in sounal vay. We will examine
the case when the regressors are arranged in decreasivaniege For example, the regres-
sors may be of decreasing importance judged by experts ireatsic field, or simply of



increasing complexity (e.g. polynomial functions of inasang degrees), which limits the
suitability or the convincing power of their use. Anotheteirpretation is thaf represents
the coefficients of Fourier basis functions (in ascendimgjdiency) of a frequency band-
limited signal, corrupted by additive white Gaussian noiseany case, if the response we
are modelling has some regularity (of unknown extent), wecgrate that the tail sums of
squares of the coefficients become small at some point, whereuld be appropriate to
zero out the estimated coefficients from then on. If we adhévethe previous notation,
a modelm here is the set of contiguous initial coordinate indicesirga@t some number
no larger thani. For notational convenience, we let be such an ending coordinate with

m < d, so the subset of regressors in consideratioflj2, ..., m}. Indeed, consider for
m =0,1,...,dthe estimators
0™ = (X1, ..., Xm, 0, ...,0),

which projectX onto the spaces spanned by the firstelements in the standard basis.
Such an estimator is sensible when thq observations left’out;1, ... , X, are small
(comparable to the noise level). The riskddt is the mean-squared error

rm =E10" =0 =) E(X;—0:)"+ > _ 6]

<m i>m

m
—+ >0

i>m

which has a decomposition into variance (or estimationrgfrg'n and bias (or approxima-
tion error)}",_  67. Thus the risk depends on the tail sum of the exclugfeds well as
the number of terms included, relative to the sample sizeases with the true coefficients
being zero past some poiitthen, the best balance in bias and variance occurs at some
m = k, and mean-squared error would then be of the okder Perhaps more common are
cases in which the tail sum of the coefficients tapers lesnatiaally, e.g., like a polynomial
in 1/1-, for which the best balance occurs farthat grows as a fractional power af and
correspondingly the mean-squared error is some fractipmaer of'/,,. It is known (see
Yang and Barron (1998)) that for various such rates of tail siecay, the minimax rates of
statistical risk are achieved by using suth of a suitable dimensiom. Nonetheless, it is
not wise to presume in advance a particular order of redulafithe tail sum.

In our analysis, the modeh™ = m;, which achieves the best balancg- = min,, rm,
provides a target level of performaneg« = r. as in (1.4). A selection based estimator
attempts to find am whose estimatof™ has a risk that approaches this target. For each
m, an unbiased estimate of the risk is

N 2 2m d
Tm = ;an + T - E (16)
which can be obtained either from Stein’s unbiased riskrexttr or from Akaike’s (1970;
1973) information criterion (AIC). AIC is motivated by thimbiasedness of,, for each
modelm. It picksm to achiever,;;, = min,, 7,,. However, in so doing, the unbiasedness
property is lost due to the selection. Indeég, is an under-estimate of risk with expected
valueE min,, #,, < min,, r,,. The actual risk of any such selection estimatdd™ — 6|

is larger tharr...

There are asymptotic and finite sample analyses of AIC aner @$timators based on
selection, such as in Shibata (1981); Li (1987); Birgé anaksart (1997, 1998); Barron
etal. (1999); Yang (1999); Baraud (1999); Kabaila (20028 of these asymptotic results
show in the present setting that the factor by which the riskugh selections exceeds
tends tol, as sample size gets large. However, the available finitgpleabounds require
a coefficient ofr, greater thari, and if in these bounds one wants it to be closé,tone
incurs the cost of a large term added to the risk beyan@vhere the term added can tend to
infinity as the multiplier tends ta). Also the indicated asymptotic conclusion requires the
assumption (as may indeed be appropriate) that there isfapwhich the coefficients are
all zero past. Some attempts to adjust the criterion (e.g. by usitidog n)/n instead of
the2m /n) possibly motivated by Bayes or description length corsitiens (as in Schwarz
(1978) or Rissanen (1978)) have risk that exceedsy multiplicative factors of ordelog n
asymptotically.

The individual coordinates of the mixture (1.1) &re= ¢, X, where the filtering coeffi-
cientsé; = Y, -, pm form a decreasing sequencezinFor other approaches to obtaining
decreasing multiplier sequences, see Pinsker (1980) wkoni@es the asymptotically min-
imax solution for particular ellipsoidal classes (with bded? . i%*62 and known index of
regularitys), and Beran and Dumbgen (1998) who use empirically opthizecreasing;,
with the aim to approach a risk target smaller than ours demsd here (namely the min-
imal risk among all monotone decreasing multiplier seqeshout at a greater added cost
of order at least ~/2. In contrast, for our less ambitious target(minimal risk among all
leading-term models), our added cost will be only of ortigrlog n.

General Subset Models

An extreme of this subset model class entails consideringulsets. The corresponding
model selection problem for such a model class is widelyistuds estimators based on
thresholding individual coefficients. That is, if the siZeagparticular coefficient is smaller

than some threshold, set it to zero; otherwise, leave ialbor example, Donoho and John-
stone (1995) and Johnstone (1998) apply such estimatoravelet coefficients and show
that they have good asymptotic properties over many claggaaction spaces (the context
in which they consider such a canonical Gaussian sequendel isdunction estimation.)

However, when such a large model class (exponential in thebeu of coefficients) is
considered, mixing across models often incur a large pehatause there is simply not
enough data to compute weights accurately. However, wepnollide a way to penalize
the complex models via prior weights. Our theory will showattlvith such complexity
regularization, our mixing procedure performs well witlspect to the best procedure plus
the penalty of its associated complexity.

Nevertheless, our theory holds for the general subset nubaledes. That is, we provide
the generalization for (1.5), (1.6) for arbitrary subsefts{®,2,...,d}. Provided thatd
is large enough such that the underlying regression fumésavell-approximated by the
regression design, our work corresponds to mixing arlyitregression functions.



1.2.2 Shrinkage Estimators

The James-Stein (1961) shrinkage estimator was shown t® tnaiformly lower mean-
squared error than the least-squares estimatat for3. And the positive-part James-Stein
(estimator) has uniform risk improvement over the Jame#iSso we shall use it for risk
reduction. Both estimators shrigk toward 0 if| X |? is small but otherwise do little.

Two-Block (Leading and Trailing Terms) Shrinkage

Ford > 6, we can exploit more shrinkage opportunities if we divide drcoefficients into
two contiguous blocks, each of size at least three coomsnaind employ two positive-part
James-Stein estimators independently. This way, if thdficmants in one block is small
while the other large, the small one is shrunk and the largei®almost left intact. Each
coordinate where the first block may end represents a pkatiowdel with the correspond-
ing two-block shrinkage estimator just described. Sincedaenot knowa priori which
one of these would provide for the most shrinkage, we wantitoatross these two-block
shrinkage estimators.

Blockwise James-Stein procedures have been widely usen aghieve adaptive esti-
mators in the wavelet context, e.g. Donoho and Johnstor@sf19ohnstone (1998). In
particular, asymptotic analysis by Cavalier and Tsybalk280() (see also Goldenshluger
and Tsybakov (2001)) shows that it yields an exact oraclguality for the class of es-
timators (¢; X;) with monotone non-increasing multiplier sequenegsnentioned above
(studied by Beran and Dimbgen (1998)) and is sharp minimax general, ellipsoids.
Our two-block shrinkage mixture (finite-dimensional) apgches a lower risk target than
the risk of the best of least-squares for the leading-terrdeisy although higher than the
risk target for the monotone class. This is in part due to ible averhead (of about 1.2
per block) introduced by the positive-part James-Steiimesbr even when the underlying
6 = 0. But such overhead becomes negligible in the asymptotione=g

General Two-Set Shrinkage

As the “all-or-nothing” least-squares estimators can h@iag to general subset models as
a generalization of the leading-term ones, we can also gknethe two-block shrinkage
estimators to arbitrary subsets. George (1986a) examungid raultiple shrinkage estima-
tors in this multivariate normal mean problem, and the fnaoré started in George (1986b)
includes shrinkage estimators that project to lower-dsimral spaces. His method is based
on pseudo-Bayes interpretation of the positive-part Jadtem estimator. However, such
a method, as with many other similar ones, often has arpiseales associated with the
preference for the models. He tried to address this via thee®an perspective by using
calibration weights on these models that act like prior philities.

The weights we choose for mixing these two-part shrinkagdetsoare different from
George’s, because we retain the exponential form (1.5yuisk estimates for the individual
models. We are motivated by the goal of having a mixture moeethat yields an oracle
inequality upper-bounding its risk (compared to the bestehoisk target), rather than a
pseudo-Bayes interpretation.

Bayes Estimators

Strawderman (1971) proposed a prior that induces a Bayiesagst similar to the positive-
part James-Stein estimator, and showed that for dimensien5, the prior is proper and
that the resulting estimator is minimax and admissible. Gned apply this estimator to the
two-block shrinkage case here, with the weighting beingpibsterior probabilities of the
models. Such an estimator should have desired risk prepees well as the adaptability to
the models.

One problem is that the estimators under the individual dsodes well as the Bayes
factors for weighting them are complicated. Though theyrafatively costly to compute,
the bigger difficulty is that the Bayes mixture’s risk is ashintractable to analyse. Thus,
usually only simulation results can be used for compari3ée requirement that each block
must have cardinality at least 5 is a nuisance, though irtipeaét does not pose a large risk
penalty due to lack of adaptability to the models with smbdtks.

For Bayesian procedures for model selection and averag@&yGeorge and McCulloch
(1997); Berger and Pericchi (1996); Kass and Raftery (1995)

1.3 Outline of Thesis

In Chapter 2, we develop our theory of mixing estimators amalyse the mixture estima-
tor's risk in details. The chapter starts with using Steimibiased estimates for the risks of
component estimators to compute the risk estimate for tixéungi, and eventually leads to
oracle inequalities for the mixture, with an idealized riakget based on the minimum risk
of all the models considered. The mixture of least-squastémator and mixture of shrink-
age estimators on subset models are discussed separkiayga the analyses techniques
are more or less the same. Simulation results for both néestimators are shown for the
leading-term models.

The theory in Chapter 2 is developed without a model priobphility, which essentially
corresponds to using a uniform model prior. This gives sbaaple inequalities for mixing.
In Chapter 3, we discuss the use of a model prior for comple®igularization. In short,
weights are employed to favour the simpler models and relesnuising a prior probability
for the models. The risk bounds in this chapter are genenallyas tight as those in Chapter
2, but they may be better suited to practical cases when tidelsiehould not be considered
with equal importance. Some discussions are given in Chédpte

Having completed the comparison between the work in thisishend those in the liter-
ature withn, for the rest of the thesis, we will work with the canonicajmession problem
with

o, =1

unless stated otherwise. This unclutters the analysis sljcally. If desired, such a simple
scaling byn can be easily replenished.



A Note on the Notation

Since there are only so many letters | could use, | reyded™ for both the least-squares
and the shrinkage cases. It should be clear from the conthichwestimators and risks
I am talking about. And when the two are compared, | sometiemegloy superscripts to
distinguish among them, and sometimes just use more woed®td any possible confusion

at the risk of being overly verbose.
I am fond of the de Finetti notation of writing indicators lentifying them with their

sets. For example,
def
-y = {y=1}

But | use them both depending on their functional purposeksthair visual effect — the
former is nice when you wish to emphasize the indicator asnation of a variable of
choice when multiple variables are involved (usually theegae.g.

Ty () = Lq@)=1y = Ly=13 (2);

the latter comes in handy when such a distinction is unnacgssd when it appears in
superscripts or subscripts so that one does not have totdfeiryes to read the sub- or

super-subscripts, e.g.
L= {a ifvy=1

1 ify#£17
A vector X in R? can be written in terms of its ordered members
X = (Xi)i<a-

Minima and maxima can be denoted by
a A'b=min {a,b}, a Vb= max{a,b}.

Expectation over the data, sy, taken with respect to the sampling distribution param-
eterized byg, is denoted by eithdE or Ey with the latter emphasizing the dependence on

6.
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Chapter 2

Mixture Estimators for the Multivariate Normal Mean

2.1 General Mixture

2.1.1 Introduction and Examples

In a canonical regression problem, we want to estimate theawn mean of ai-variate
normal X which is understood to be the data to be fitted to models camngriat mostd
regressors. In our simplified setting, the variance is assuta be known, such that we
scale our variables(; to be identically distributed and have unit variance. Tlsatwe
assumeX ~ Normalq(6,I) and we want to estimateunder squared-error loss

00,0) =10 — 0|

where| - | is the Euclidean norm. And the criterion for evaluating atineator 6 will be its
risk, or expected loss

r(0,0) =E |0 — 0]
We study estimators of the form

0=">" pmb" with >~ pp = 1. (2.1)

meM meM

That is, the estimator is a convex combination of estimaiBrover a finite collectionM,
each with normalized weights,, € [0, 1] that could be either fixed or determined by the
dataX.

Least-Squares Estimators

ExamPLE (Block Models).  The leading-term models mentioned in theohuction can
be generalized to block models. We use

0™ =(0,...,0, Xi,,..., Xny, 0,...,0) wherel < ki < ks <d

to estimate). Notationally, we can denote each modelby (%1, k2), and the model class
by
M = {(k1,k2) : 1 < k1 < ko < d},

such that the cardinality aM is #M = d(d + 1)/2. If 0; are (generalized) Fourier
coefficients, just as a leading-term model gives rise to éimawor 6™ termed dow-pass
filter analogously, this can also be calledand-pass filter||

EXAMPLE (General Subset Models). Here each models a subset of1,2,...,d},
representing the coordinate indicesXffor inclusion. That is, the resulting estimator is

0" = Xilljicmy, i=1,...,d.

On one extremep can range over all subsets of the indices, which will gisg0, 1}%) =
2¢ models. For such a large number of models, we generally wootcmix across all
models without ways to penalize the more complex ones. Wesagl more of this later.

Observe that this is a generalization of the leading-terndetso(Section 1.2) and block
models above. For example, the leading-term models carpbesented byn = {1,...,k}
for 0 < k < d (with the convention that: represents the empty set for= 0). ||

In general, the least-squares estimators under the sulosietisrcan be nicknamedli-
or-nothing” estimators as they multiply the daf&; by ones or zeros.

Two-Set Shrinkage Estimators

Instead of using only ones and zeros, we could also use &afjgrcoefficient between zero
and one to multiply the data to yield an estimator. To estnsath a coefficient, the positive
part James-Stein estimator is the tool that we employ aslditgiblock under each model.
First, the basic estimator (one-block, applied tadalt 3 coefficients) is

d—2
1——) X, wherear =aV0
( X2/ + *

def d—2

=X —7X, WZV(X)*U\W

where~ is the data-determined shrinkage coefficient. It shrikksward 0 if| X| is small
but otherwise does little. This estimator was shown by JeandsStein (1961) to dominate

[2.3]
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[2.5]

the maximum likelihoodX under squared-error loss. The risk reduction can be up tatabo
d—1if6=0.

EXAMPLE (Two-Block Models). Ford > 6, we can exploit more shrinkage opportu-
nities if we divide thed coefficients into two contiguous blocks, each of size attldase
coordinates, and employ two positive-part James-Steimagirs independently. This way,
if the coefficients in one block are small while the other &rthe former are shrunk and
the latter are almost left intact. Let the first block end adrdinatem (inclusively) with
meM={3,...,d— 3} with#M = d — 5. Then, we can define

m— 2

IN =/ if i <m
N X2 -
07" =(1—ai")X;, whereq;" =aj"(X)= gzi%;;‘_é .
IN=—"=, ifi>m
Zj>mXJ2

Since we do not know priori which boundaryn would yield the smallest risk, we want to
mix over M. ||

ExAamMPLE (Two-Set Models). The previous example is the shrinkagéogoa of least-
squares for the leading-term models. Now we present thergjezation of this for the
general subset models. Let each modele M be a subset of1,2,...,d} such that
#m € {3,4,...,d — 3}. Denote the shrinkage coefficient for the coordinates witrid
without the sein by

#m — 2 d—#m —2
Ym = Ym X)=1A ~ o and Yme = Yme X)=1AN ——==——— (26)
RS SIS RS S ¢
respectively, where the complementrofis taken with respect t§1, ..., d}. Finally, we

definefori=1,...,d

0" = (1—ai)Xs, wherea]” = a]"(X) = ym(X)Ljicm) + Yme (X)Ligmy- (2.7)

As before, we want to mix across € M. ||

Remark: The theory we are going to develop does not require that thdelso
in M be distinct, though there is no reason for including regkatedels. For
instance, since we treat and its complement:® symmetrically in Example 2.5,
the modelm is equivalent to the modeh’ = m*, and they can coexist iM.
However, the multiplicity of a model will be reflected in anpapent increase in
the weight for that model by the respective multiplicity. N

2.1.2 Risk Estimate

From now on, we assume that the estimator under each modegli#sesintegrable (and
hence, so is the mixture estimator) such that it is meanirtgf@examine the risks under
squared-error loss. The key tool in this setting is Steih®7@3; 1981) unbiased estimator
of risk. For us, an important realization is that, unlike Al@kaike (1973)) which gives

unbiased risk estimators only for each model separatebin’Stidentity can be applied
more generally to provide an unbiased estimator of the riskmixture estimator.

We restate Theorem 1 from Stein (1981) below. We writé = 3°¢ | a;b; for the inner
product andv the gradien{V;) whereV; = 9/0X;, and hence

d
o
Vih=>Y" a—Xihi(X).
=1

THEOREM(Stein). Consider the estimatdf X) = X — h(X) for 8 such thah : R* — [2.8]
R¢ is an almost differentiablefunction for which

E¢|Vihi(X)| < 0o, foreachi=1,...,d.
Then an unbiased estimate of the risk o
75(X) =d+ |h(X)]* — 2V . h(X),
meaningE |0 — §(X)|? = Eo7s(X) for eachd.
Proof : Essentially integration by parts using the normal denSge also Corollary 7.2 on

p. 273 of Lehmann and Casella (1998). a

THEOREM (Unbiased Risk Estimate for Mixture). Assume thap..(X) is almost differ- [2.9]
entiable for each modeh in a finite collectionM, and that each™ satisfies the condition
(for §) of Theorem 2.8 such that an unbiased estimate of its risteand equals

P LA |X — 0™ =2V . (X — 0™).

Then an unbiased estimatef the riskE |0 — 0| of the mixture estimatdt = 3" pm6™
is

= ﬁm[fm—|é—§m|2—2(Vlogﬁm).(é—ém)].
meM

Remark:If ., = 0, we mearp,, V 1og pm = Vp, = 0. <

Proof : Sincep,, € [0,1] for eachm € M, itis clear tha) = 3 0™ satisfies the
condition (foré) of Theorem 2.8. We use Stein’s identity to obtain an unllastimate®

1A function is almost differentiable if each of its coordinates can be represented by a diredtiona
integral. That s, for, z € R*andi =1, ..., d,

hi(x + z) — hi(z) = /: 2z« Vh;(x + tz) dt.

And V ;h; is naturally called thelerivative of i with respect tar;. If a function is continuous and
piecewise differentiable, then it is almost different&abl
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of the riskr(6, ) = E |§ — 0] such that = E,7 for eachd. Letg™(X) = X — ™ and
g(X)=X-0=3 pmg™(X). Then the risk estimate is

0
_axi

d
f:d—2ZVigi+|g|2, Vi

i=1

d
=d—=2% "> Vilpmg™)i + g/

i=1 meM

d
d=23" > [(Vipm)g" + pm(Vigi)] + |l

i=1 meM
d d
= > bm|d=2 Vgl =230 > (Vipm)g + laf
meM i=1 i=1 meM
d d
= > md=23 Vil + 1" =2 0 S (Vipm)al 1ol — D pmle™ P
meM i=1 meM i=1 meM

Here we have exchanged the order of summation in the doubiebsgauseM is finite.
and we have added and subtracled, . ,, pm|g™|? because it is finite (for aimost every
X). Then

d
F= Y bm|im =l =" =2 D0 D (Vipm)gl,
meM meM i=1
where
def ¢
Pn S d=2) Vig!" + 19"
i=1

is the unbiased estimate of risk of the component estintgr) = X — g™ (X). Use
the variance calculatioi (Z — E Z)?> = E Z? — (E Z)? over each coordinatéto obtain

S bmlg™P =19 = D bmlg™ =g’ = D pml0™ -0 >0,
memM meM meM
We have arrived at
F= 5" pm [fm — 6™ — é|2] —2 3 (Vpm) . (X —0™).
meM meM

Now the rest of the proof is a direct application of the follog/ technical lemma, which
although seems trivial, enunciates a structure in mixitignegors. O

LEMMA (Orthogonality).  Assume that the derivative ; p., is finite for eachi andm.
Any random vectoh(X) € R? not a function ofm will have 0 as its inner product with
Vpm.

> (Vpm) h(X) =0.

meM

Moreover, if(Z™)mer are any collection of vectors iR? that has the null vector 0 as the
mean when mixed witp, i.e.
S pnzm =0,

meM

then any such (independent oin) and(Z™ ).c m are orthogonal unde,

> 2™ h(X)] =0.

meM

In particular,V log . hasp-mean 0 and is orthogonal tounderp.

Proof : Observe thab", pm = a constantimplie® = VY  pm = >, Vjm by the
finiteness ofV; ... The fact that: is not a function ofn means that we can exchange the
order of summation: the one over and that over the coordinates for the inner product.
For the second statement, since the inner product is bilineghave(} ", pmZ™).h(X) =
0.h = 0. The last statement is obvious by combining the previous two a

This unbiased assessment of risk has three terms. The grievan ) = jm 7., is the
weighted average of the individual risk estimates. Withahle design of the weights, this
average will not be much larger thatin.,, 7, as we shall see. In this respect, this term is
analogous to what appears in the AIC analysis, except tisdtiére appearing in an unbiased
estimate of the risk of the combined model, not only for thdiviidual models.

The second term- 3" pm|0 — 6™ > wonderfully illustrates an advantage of model
mixing. If the estimate®™ vary with m (that is, if the fits are different for different),
then averaging them (with weighfs,) leads to a reduction in the unbiased risk assessment
given by the weighted average of the squared distance of'thizom their centroidd. A
nice feature of the unbiased risk estimator is that it chpaeWeals this reduction based on
variability of estimates (as: varies), rather than based on the classical variance oftie e
mators (which addresses variability with changes in thegbamot changes in the estimates
with m for a given sample).

The third term—23"_[pm(Vlog pm) « (§ — 6™)] quantifies the effect of the data-
sensitivity of the weights (through their gradients witlspect to the dat&’). Constant
weights would make this term zero, but would not permit mearaiapt the fit to the mod-
els that have smallet,,.

The following weights are a reasonable way to form a mixtyretnphasizing the com-
ponent estimators assessed to have low risks. Indeed, fngrieast-squares estimators,
this form of weights will yield the desired oracle inequglit.2’) in the introductory chapter.

DEFINITION. Forf3 > 0, define [2.11]

o = e P(Om)
m Zm/eM eXp(—ﬂfm/) .

Note thatp,, is strictly positive for eachn.

This parameterization of weights allows us to control thgrde of concentration in the
model with low risk estimates. Indeed, whér> 0, we put smaller weights on the models



with higher risk estimates. The higher thgthe stronger the concentration is on the models
with low risk estimates. On one extremedf= 0, the weights are uniform, ignoring,,
altogether. Wher8 — oo, the mixtured consists of only the models with minimal risk
estimates{m : #,, = min,, 7} with uniform weights. When the minimum is unique,
thené is just a model selection estimator based on the mode! /i minimizing 7, .

Now write the normalization constant iy, asC = Y exp(—3#m). Then

Vipm = C~ (—=BViim) exp(—Bim) — C 2 exp(—Bim) Y (—BViik)exp(—5x).
keM
And hence,
vﬁm = _,alsm |:v'f'm - Zk ﬁkV'f‘k} .

Thus, we can apply Lemma 2.10 wig" = § — §™ andh(X) = 3, /1 V74 to obtain

P=3" pm [fm — 16— 6™ +25wm.(é—ém)]. (2.12)
meM

2.2 Mixing Least-Squares Estimators

2.2.1 Risk Estimate for Mixture

In this section, we specialize the theory to the least-sgiastimators in Example 2.3.
Recall that each modeh € M is a subsétof {1, ..., d} , with the estimator

0™ = (Xill{iemy)i<d-
Its risk is
rm(0) EE 0T - 0P =S E(X; - 0.2+ > 67
i€Em igm
=#m+ Y 0. (2.13)
An unbiased estimate of risk for this estimator is
igm

which can be obtained from Theorem 2.8 or directly knowingtth? — 1 is unbi-
ased ford?. This is exactly the gtepwisg@ AIC quantity (when restricted tmested
modelg to be minimized for model selection over the leading-terstineatorsé® =
(X1,X2,..., Xk, 0,...,0) where

AIC, = X7 + 2k,

i>k

2For the leading-term modelsy is an initial set.

up to a constant offset not depending on the model. The crucial fact that leads tchmuc
simplification in the formula for the unbiased estimate & slubset mixture estimator is as
follows.

Vim = Q(Xiﬂ{igm})igd-

In other words,
Vim = 2(X —0™). (2.14)

And applying Lemma 2.10 with = X — 6 andZ = 0 — ™ yields
> bl Vim (0—=0"™)]=2 > pml0— 0"

meM meM

PROPOSITION  The mixture (with weights above) of subset estimators hagrdmased [2.15]

estimator of risk

TA = Z ﬁ"n |:’fl77l - (1 - 4ﬁ)|é7n - é|2:| ’

meM

Furthermore, fob < 3 < 1/4, the risk estimate can be bounded by

P< Y pmim,

meM
with equality wher = Y/,

Proof : The third term of the unbiased estimate of risk@dr] (2.12) is now proportional to
the second and we can combine them. Sifice 43)|0™ — 0|> > 0 for 3 < '/4, the upper
bound follows. a

The parametep in the weightsp, controls the relative importance of averaging across
models (smal|3) and picking out the one that was empirically best (lafye Wheng is
strictly less thart/s, we continue to see overall improvement due to averaginge-igh is
strictly less thard ", pm .

We now focus on the first term since it is the upper-bound, apaiticular, wher = /4
the two other terms in the risk estimate mentioned aboveat@ach other.

2.2.2 An Upper-bound for the Combined Risk Estimate
To further the story, we compare the unbiased risk estinfatésomodel-averaged estimator
0 to the best of the unbiased risk estimates of the models,

~ def . ~ def . ~
v = min 7, = 75 for somem € M.
meM

This is useful because it is related to the risk target
re =74(0) = min rm(60),
wherer,, was defined in (2.13), by virtue of

E¢7« = Eg min 7, < minEg7, = minry, = r.. (2.16)
m m m
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[2.18]

[2.20]

In this section, we assunjig> 0.
DEFINITION. The discretentropy for the probability vectow over a spaceé is

z W, log P <

meM

It is well-known thatH is concave and bounded in the interi@gllog(#.M)] (See Cover
and Thomas, 1991, Chapter 2).

DEFINITION. Lety = ¢ (#.M) be a constant defined by the solution to

log 7#'/\/:[}— 1

Itis clear thaty is increasing in£M andy < log(#M). Also, for eachK > 0,

¢ = ~1. <

¥ < max {K, log % _ 1}, (2.19)

by considering separately whether< K.

LEMMA. With#;, = min., fm = 7,
(a) we have

1
D hmim=tet 5 [H(5) +10g . 2.21)
An immediate upper-bound is thus obtained:

S fmim — e < %H(ﬁ) <

meM

(b) For+y in Definition 2.18,

% log (£ M). (2.22)

S i < 7+ LEM)

meM ﬂ
Proof : (a) It is easy to check that
P, [log — —log Z exp( Brk)] (2.23)
ﬂ pm keM

Then by adding and subtracting the minimal risk estinfate

logZexp —pBfK) — B*f'*]

P = Ts + [log —
ﬂ pm keM

" 1 1 .
:m—!——[log — +log‘pm].
BL 7 pm

Now average with respect to weightis, to obtain the first statement. Singg, < 1, its log
is strictly negative. Hence the first inequality in (2.22)dws. The second follows from the
fact that the entropy is bounded by the log-cardinality efs$pace.

(b) If we considem as a random variable on the spaegwith probability 5 (given X), then

we manipulate with conditional entropy (Cover and Thom&811 Chapter 2), depending
on whethemn = 1, to obtain the identity
H(p) = (1= pa) H(5) + H(pm),
where {5, : m # m} are the the renormalized weights avi\{rn} and H(p,) is the
binary entropy. (Cf. Fano’s inequality.) Thus, (2.21) bees
S . 1 . ~ . .
Z PmTm — Tx = — |:(1 - Pm)H(p) + H(pm) + log pm] .
meM /6

Hence, the bracketed terms on the right is upper-bounded by

(1= p) B (#M — 1)+ H () +108 pn = (1= ) [log(#M — 1) — log ==L,
(2.24)
which is clearly concave ip,;. Setting to zero the first derivative of (2.24) with respect t
P, We see that the maximum of the bound occurgsat= p; satisfying
log 1=pt 1
Pt Pt
In terms of the odds of “error” (the event # 1), the maximum of the bound occurs at
det 1 —py 1—1:log#M_1
P P Oy

log(#M — 1) —

O = — 1.

3A proof by direct computation is as follows. Define for eaphs# 1

exp[—B(fm —7+)]
2kt eXP[—=B(Fr — )]

fm = exp(=0B7m) _
T Xkt exp(—Bry)

It is easy to show that

S expl—B(k — 7)) = 222,

mEm Prn
such that
. 1 1 1—pm
P — Tx = —[log— — log ]
B pm P,
Then,
Zﬁmﬁm_'f‘*—l_Pm[Z pm'f‘m_f*]
meM m#m
pm [ Z pm log 1 T ﬁm ]
M Prn
1 . « A
=3 [(1 — ) H(P) + H(pr) + 10 pra |
because

— P R .
T — H(pp) + log pr,.-

m

. 1
—(1 — ppm)log
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Substituting this back in (2.24) yields the desired bound

Z PmTm — T < % — M .

meM B

The combined risk estimate on the left of (2.22) is boundethkyminimum of the indi-
vidual risk estimates plus a price due to the mixing, which fanction of mixing weights
p. According to the rest of (2.22), if the distributigns concentrated on mostly one model
m, thenH () is close to zero and the combined risk estimate is very ctosieet minimum
7. Moreover, if in the distributiorp there are several, sa; values ofm with nearly min-
imal values among .., then accounting for thos€ values in the sum on the right side of
(2.23), one has a further reduction of abdtlog J, which aids in further quantifying the
advantage of the mixture. In any case, sifités less than the log-cardinality, the combined
risk estimate cannot exceéd by more than a relatively small amouli log(#M).

The second part of the lemma gives a better bound. A tightdbdon is obtained if
we takeK large in (2.19) wher¥M is large. One numerical method to obtain this is by
solving for the fixed point. Puky = log(#M — 1) — 1 and iterate

M1

1.
Koid

Knew = log
Now we have the corresponding version of the bound by takimp@ationE, with
respect to the sampling distributioX, given6.

COROLLARY. With p = p(B) = Egp andp. = Egpnx, the expected value of the
combined risk estimate
EG Z ﬁmfm

meM

can be bounded by any of the following

@7« + /s [H(p) + log p.];

(b) 1/5 [H(p) - lOg ZmEM eXp(—BTm)};

©)re + Y5 [(1 = pu)log(#M — 1) + H(p.) + log p.];
(@) re +Y(FM)/B.

Proof : Recall (2.16). For parts (a), (c) and (d), bdihand the logarithm are concave so we
can apply Jensen’s inequality. Part (b) follows from mix{@323) with 5 and the concavity
of the function(#:,)mesm — —log Y~ -\ exp(—B7m), which is well-known but a proof
is as follows.

Sinces > 0, by dilation, it suffices to show that the function

(Tm)mem +— log Z exp(—Tm)
meM

is convex. Thatis, foA € (0,1), A = 1 — X, and(zm), (ym) € R*M we want to show

log Z e~ QrmtAvm) < Alog Z e "™ + Xlog Z e Ym,
meM meM meM

11

which is equivalent to showing

Zef(/\xm+Xym) < [Z eiwm]A[Zefym]k_
m m

m

But this is a direct application of Holder’s inequality for
f M R+7
g M R+7

f(m)=e
glm) =

by identifying the above inequality with

£l < [1£1l/xllgllh/s

where the norms are thie, norms over the counting measure .. O

2.2.3 Risk Bound

Each part of Corollary 2.25 and Proposition 2.15 providesvamediate risk bound fof.
That is, for each > 0, Corollary 2.25a, for instance, yields

A 1 s A
E|0—0 <r.+ BH(p) +logp. — (L—4B8)Ee > pml0 — 0™,
meM
But this is difficult to use because we cannot obtain the egtiens of the quantities
s iy, pm, ANdY", pm|0 — 6™ in closed form. Corollary 2.25d gives the most useful
bound. We also restrigt < /4 to get rid of the variation terrtl —43)E 3" [0 —6™|2.

THEOREM (Least-Squares Mixture Risk Bound).
estimato), wheng < '/, and for each > 0, we have

E|9—é|2§r*+w §r*+%max{K,log

For the mixture of least-squareq2.26]

%-1}. O

EXAMPLE (Leading-Term). For the leading-term models discussedeittién 1.2.1,
we haveM = {0,1,...,d}, with each modeln representing the ending coordinate of
an initial set of regressors. Then using weighf®efinition 2.11] with3 = !/, gives an
unbiased estimate of the risk é,f

F=3" pmim = +4[H(p) +log prm].
meM

In addition, sinceM = {0, 1, ..

[2.27]

.,d} with #M = d + 1, this can be bounded by
7 <7y +4[1V (logd — 1)].

The bound implied by (2.22)

H(p) +log pm < logd



is tight in the sense that there exists a sequencé ef X (% such that

li HP) +logpin
d—oo logd

Indeed, for eacli, we pick a worst-cas&’. Letk > 0 and

o= R ri=d
2 if i <d
Then
. 2d—d=d ifm=d
T'm = . .
20d—1)+(k+2) —d=d+k ifm<d

Thenr, = 74 = d and p,, is roughly uniform over the first models (n < d) with
H(p) ~ logd for d large. As the differencé = #; — 74 between the risk estimates for
the minimal modeln = d and other models grows large, the weightsoncentrates more
atm = d. We can putt = d such thatp,;, tends to 1 andog p., tends to 0. But such a
sequence of is highly unlikely so that the risk bound witH (5) replaced bylog d is not
tight.

Then we have
E|0—0]* <r.+4(d+1) <r,+4max{1,logd — 1},

with a relatively small additive constant df)(d + 1), which is strictly smaller thaa for
dimension as small as 2, as tabulated below.

d | 2 5 10 20 40 100
4max{l,logd —1} | 4 4 52 8 10.8 144
4p(d+1) 19 33 46 6.2 80 10.5

In our simulations (shown in the next subsection) usthg= /4, the computed risk for
various choices of suggests that the excess beyends usually less thaiog d rather than
the upper bound of(log d — 1).

This estimator isot minimax(for all 8 € R?). The X above provides evidence for this
because,, > d for all m < d and#; = d such that for anys > 1/4,

P> pmtn > d,
meM
This happens because the nested subsets favour keepiegudireg coordinates to the detri-
ment of the trailing ones. Since our mixture with= '/» is the improper Bayes procedure
examined in Hartigan (2002), his study shows such an estirirathe one-dimensional case
with 8 = 1/2 is not minimayx, i.e. its risk exceeds 1 for some rangé.of

In general, if the trailing observations are large Xasis in this toy example, the fact that it
is left out under most of the leading-term models contrittaténe overall high risk||

12

Remark:Minimaxity is a global attribute invariant to the orderinfthe coeffi-
cients. The leading-term mixture fails to be minimax in getause the subsets
under consideration are unbalanced (favouring initialrdmates). But if suf-
ficient number of subsets considered are symmetric in thedowdes, then the
mixture estimator would have a shot at achieving minimaxity N

ExamPLE (Block Models). For the block models in Example 2.2, we hguét = [2.28]
d(d+1)/2 < d?. Thus, using? = '/, gives the inequality < 7. 4+ 4log d? and hence,
the oracle inequality

E |6 — 6] <r.+8logd. [

ExAMPLE (All-Subset).  For the all-subset case mentioned in Exard@@ewe haveM is  [2.29]
the power set of1, ..., d} such that¥ M = 2%. Then the above theory for subset mixture
estimators yields the risk bound

E |0 —0]* < r.+ 4dlog?2,

which has the undesirably large additive constant as a pheiltif  because the number of
subsets we consider is simply too large. Since the leastreqstimator fof has risk only
d, it says that mixing all subsets in the simple fashion aboilieprobably yield poor risk
performance, as reflected by this bound. In the next chaptewill provide a method for
accounting the complexity of each subset model. This offetger control of the risk bound
when mixing over many subsets.

2.2.4 Simulations

In this subsection, we will show simulations based on thditeaterm models ford = 20.
Besides the mixture estimator proposed, we will examineAii@estimator in thimested
model setting as well for comparison.

To learn something from the simulations, we impose strecamd, and the function
estimation context is chosen for such considerations. Ehahed; is considered as the
coefficient of an orthonormal basis expansion of the fumctir signal, to be estimated.
Here we have simulation results divided into four scendoshe underlying signad.

Constant One-Block The first case describ&swhen it is indeed a low-pass signal.

Gradual Decay The second is probably quite typical in reality wh&nhdecays as the re-
ciprocal ofs.

Odd or Even Function The third scenario describes an odd (or even) function peterm
ized by the Fourier basis, so only every other coordinateisfnon-zero.

Ramp-Up with Cut-off In the last cased? increases linearly iri but is cut off to zero
afteri = 15. It is somewhat academic, designed as a hard example whéatotivex
combination of the leading-term models (monotone decnga®l) cannot represent



well. The sharp artificial cut-off presents more difficultyne monotone decreasing
weights of our mixture estimator assigns to the coordinatesot get down to zero
quickly enough beyond the cut-off point. Indeed, since figea is not significantly
strong in the leading terms, the risk estimates for the nzoddth extraneous terms
beyond: = 15 may not be high and the weights assigned to these models naghé
negligible.

In all of the following plots, we have taken the variance imtedimensions2 to be 1.
The least-square estimator has a riskl et 20. Our bound istlog d in excess beyond the
risk target. But the simulations below show that the true fmsmixing is probably around
log d =~ 3.

In this set of simulation results, we have uggé- '/> in our mixture estimator, because
this corresponds to a Bayes procedure (see the Discussigech But we have also tried
B8 ='/4 andB = 1 — the performance of the mixture estimator is not very samsib the
choice of( in this region.

Note that we are usindf| (without squaring) in all thec-axes to better illustrate the
behaviour of the estimators in smdlsettings. Also, be careful that theaxes of the
following plots do not have a common scale.
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Figure 2.1: Risks and Target: Constant One-Blatkoc T(;<10

The leading-term risk target is
r.(0) = |6]* A 10.

First, it is clear that the target excludes the trailing teefficients, since they are in fact
zero. So we only need to consider the first ten coordinate® abgether since they are
constant. If9|> < 10, we are better off leaving them out since the bias so incugéess
than the variance of0 if we include them. The kink of the target above|@f = 10 or
|0| ~ 3.16 is due to this minimum operation.

The plot says that the our leading-term mixture estimatdiopas only about 2 worse than
the risk target at small and largebut matches, and even beats the target ard@iid= 10.
And the AIC leading-term selection estimator is uniformlpnae than our mixture: but
these two are close whef)? is large. This is expected since thén this case is represented
exactly by the modeln = 10 such that AIC picks it correctly when the“signal-to-noise”
ratio is high; the adaptive weights in our mixture give sg@mphasis on the right model as
well.
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Figure 2.2: Risks and Target: Gradual Ded#y 1/i

For this scenario, an integral approximation shows thatatieum

Xt 1

i>m

and the minimum of,, occurs at roughlyn = d A [|0]?/ log d]. Note that now not any one
of the component estimators considered in our model clasdescribes the underlying
Also, the risk target does increase upitas the tota|d|? increases.

The plot says that our leading-term mixture estimator sattle risk target very well, a
remarkable fact since theis not one of the leading-term type. In fact, for moderatétgd
0, the mixture performs slightly better than the risk targéhe AIC selection estimator,
however, starts out being roughly the same as the mixturexwhe- 0, but ultimately
performs worse uniformly by 2 or 3 @kis non-zero.
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RISKS & TARGET d=20, 6201{i odd}
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Figure 2.3: Risks and Target: Odd or Even Functi#foc T oday

The leading-term risk target for this case is
e = |0]* A 19,

and it switches from the quadratic to constanat= 4.36. Since the leading-term models
cannot exclude individual coordinates in a leading blokis kind ofd essentially resembles
a single constant block to the target, and hence the form,. afhalogous to that in the
constant one-block case, with the only change of the s&uarpbint of 19 instead of 10 for
the cardinality of the block.

As before, the leading-term mixture has an overhead of2-at0 but then it matches the
target risk at around the saturation poini@f = 19. Its risk creeps beyond = 20 a little
right after|0|* reaches 19 before it tapers down to almost the risk targeto(ap offset of
0.5) asd becomes large.

The behaviour of the AIC estimator starts off being roughlky $ame as that of our mixture
when@ is small, but then it overshoots the target, by quite a bitenat arounqt9|2 =19;
then it asymptotes to the risk of the mixture agai &®comes large.
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Figure 2.4: Risks and Target: Ramp-Up with Cut-¢ff. « (i — Dlg<i1sy

The leading-term risk target for this case is
e = |0 A 15,

as it the ramp-up of? up toi = 15 acts like a single block to the models we consider.
Here, the mixture estimator’s risk over-shoots the risgeaby more than the previous case,
probably due to the difficulty of modelling suchfaas described above, but it eventually
tapers down almost to the target again, staying at about\&aho

The behaviour of the AIC estimator starts off being roughly $ame as that of our mixture
when@ is small, but then its risk overshoots the target, by quité anbre than that of the
mixture, probably due to the same difficulty; then it appiecthe target from above again
as# becomes large, staying at about 2.5 above it.
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[2.30]

[2.31]

2.3 Mixing Shrinkage Estimators

2.3.1 Risk Estimates for Positive-Part James-Stein

We now investigate the two-block shrinkage in Example 2idgithe positive-part James-
Stein estimator as a building block. Recall the basic ooelbéstimator on alf coefficients
is

5 d—2 d—2

9+S(X):<1——) X=X —7X, y=1A—,

X2/ | X2

where~ is the shrinkage coefficient. When the James-Stein estinsbovolved, the con-
stantd — 2 appears excessively whedas the dimension of the shrinkage block. To avoid

writing —2 ad nauseanwe therefore write

d%q 2,
not just ford but possibly for other integers whenever it is clear.
The following result is a corollary of Theorem 2.8. It is frachin a lemma because the
author has not seen it in the literature.

LEMMA. The positive-part James-Stein estimator has the followimgased estimate of
risk N
. .
rs(x) =347 | X2 x> dimx
|X|>—d if |X|*<d
Moreover,|.s| < d andts is strictly increasing inX |>. O

Observe that,s depends orX through|X|? only. It has a positive piece (foX |? > d)
and a negative piecéX|* < d) separated by 4 at the discontinuity &t|> = d. In practice,
this discontinuity does not posey problem in implementing the mixture scheme as before
by forming weights according to [2.11]. But we want to analyse mixture of shrinkage
estimators with similar techniques, such as Stein’s uebiagsk estimate, which requires
that the weights be almost differentiable.

Thus, we want to replace,, by risk estimates continuous iK. For the one-block
shrinkage estimator, this is denoted B: we perturbf,s by +2 — pulling both the
positive and the negative pieces toward 0. Note #jawill no longer be unbiased.

DEeFINITION (Continuous risk estimate for positive James-Stein).et
P2

T X

IX[* —d

d if |X>>d

if |X?<d

’f‘is(X) = } = (|X|2 - dk‘)r}ﬂ

wherey = 1 A d/| X |* as defined before.
Note that this risk estimatéls is continuous atX|?> = d with value 0, and bounded
|#¢s| < d, and strictly increasing inX |2. In addition,|7s| < |7:ys| for any X.

Note that both of these risk estimates are defined by casésharconditions under the
two cases can be more succinctly expressed using the iodidat < 1} and{y = 1},
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signifying whetherX is large and small, respectively. That isY “large” means “shrink
some” and X small” means “shrink everything”.

e = (IX]* = dyy +2(-1) 7"

= ifs +2(-1)=Y (2.32)

Itis now obvious thatr{s — 71s| < 2. Moreover,i{s is almost differentiable, with

d? . -
. ——2X if |X|*>d 5
Vis(X) = < | X2 IX] } =29°X = 2v(X — b;s). (2.33)
2X if |X)><d

Remark:There are many other ways to adjust the unbiased risk egtimatake

it continuous. The only crucial fact about our continuoutneste is that it pre-
serves the gradient of the original unbiased estimate. i§hifat we care about
because it is used in our mixture estimator’s risk estimaite, such a gradient
has special properties quintessential to later analysiedd, the unbiased esti-
mater s is negative for X|* < d, which means it always underestimates the
risk for small X when the risk ought to be non-negative. We see that perhaps a
more accurate risk estimate than ours would:fe+ 2, which moves the nega-
tive piece up by 4 and leaves the positive piece unchangedie¥w, since the
sole purpose of this continuous adjustment to the risk eséns for forming the
model weights, we see that any constant offset will be imniwtafter the nor-
malization of the weights due to its exponentiating formother words, we are
only interested in comparing the model’s risk estimatetiedao those of other
models inM.

Our continuous modification, however, facilitates the laage for the analysis
later somewhat because, just as this is the casefithwe can still say that
fys — 7g is non-negative iff X |*> > d, and vice versa. <

2.3.2 Two-Set Shrinkage Risk Estimates

Here we expound on the general setting used in Example 2.5ewte partition the co-
ordinates into two sets and apply independent positive<f@amnes-Stein estimators. Each
m € M issuch thattm € {3,4,--- ,d — 3}.

Remark: Such a restriction on the cardinality of eaghis merely to ensure
that the positive-part James-Stein estimators be welkedfi However, this is
unnecessary if the least-squares estimator (and its watbiagsk estimate) is used
instead of the shrinkage estimator for a set with cardipafitl or 2. Our ultimate
bounds for the unbiased estimate of risk and the risk of theture estimator still
hold. The theory is developed here with the restriction fopdicity. <

Recall the component estimator under maodeis
ém =X — (a;nXi)iSd



where as in (2.6, 2.7),
ai" = a7"(X) = Y (X) Ljsemy + Yme (X) Liigmy,
with

m(X) = 1IN =——.
K ( ) /\ZiEmXi2

To unclutter the algebra by suppressing the coordinatexindge also use matrix notation
to write

0™ = (I — Am)X,
where
A, = diag(a™)
is ad x d diagonal matrix consisting of the elementsaif. Write
Xem ={Xi:iem} and Xgn, ={X;:i¢&m}.
Then, because the shrinkage coefficients for the two sets

TYm = Ym (XEm) and Yme = Yme (Xgm)

are independent, the unbiased estimate of riskdforis simply the sum of those for the
shrinkage estimators on the individual sets,

P = s (Xem) + s (Xgm)

(#m—2)* (#me—2)?
m— ——75 |f 7n<1 L ——— |f 'me <1
|X€m|2 - #m if Ym = 1 |Xgm|2 — #m*° if Yme = 1

Analogous to [2.31], we define a continuous (but biased)a#tknate for the estimatét”.

P = s (Xem) + s (Xgm)

= (| Xem|” = [#m = 2A)ym + ([ Xgm|* — [H#m® = 2)yme.  (2.34)
Using (2.32), we rewrite the unbiased risk estimate as
P = g, 4+ 2(—1) = o g(—1)Prme =1,
Then itis clear that
sup |fm — | < 4. (2.35)
meM

In fact, the adjustment to the unbiased risk estimates chntake on values 0 andt4. In
particular,

@) 7m — 75, = 4 for somem implies the positivity of both,, and#;, (equivalently,
Ym < 1andyme < 1); and|X|* > d — 4.

(b) Likewise,,, — 71, = —4 for somem implies the negativity of botlt,, and#;,
(thatis,ym = 1 = yme); and|X|? < d — 4.
And these two cases are mutually exclusive.
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2.3.3 Risk Estimate for Mixture

The time is now ripe for a little abstraction that was unnsaeg when the method and
analysis of mixing least-squares estimators were prederitet our weights for mixing
estimators be of the form

Wm = Wm (X) = exp(_ZM)

==, meM
2 werm exP(=Lr)

(2.36)

where/,,, = /,,(X) is almost differentiable inX for eachm. Even though they are not
needed for forming the mixture estimator, we find that ouflymisi is facilitated by the old
form of weights using the unbiased risk estimates,

b = — XP(OTm)
" ZkeMexp(_ﬂﬁﬂ)’

because they are tied in the same fashion to the minimum afskestimates, and in turn,
to the risk target (after taking expectation).

8>0 meM

DEFINITION. The discret&ullback-Leibler divergence between the probability and [2.37]
the non-negative vectar, both indexed by the same spabe, is

DPr
D(plla) = Z Pm log = <
meM qm

Itis well-known thatD is convex in the paifp, ¢) (See Cover and Thomas, 1991, Chapter
2), and clear thaD is monotonically decreasing ip. It is easy to show thaD(p||q) >
—log Y, am. If g is asub-probability, i.e. >~  ¢n < 1, thenD > 0, with equality iff
pm = qm for eachm (which implies thay; is a probability).
LEMMA.  The mixture estimato = " _, w,0™ (with @ defined in (2.36)) has the[2.38]
following unbiased estimate of risk,

P= 3 i, [fm— |é—éM|2+2vém.(é—éM)]. (2.39)

meM

Write 5, = min,, ., = 7«. Then the first term above can be written as

Z Wi Pm = s + %[D(QI)” /3) + H(QI)) + 10g ﬁm}
meM

In particular, withy) defined in Definition 2.18, the following inequality holds.

3 i <t 5 [DG@] 7) + (#M) +log
meM

m
m

Lo ] . (2.40)

Proof : The first expression for the risk estimate can be obtainetigrsame fashion we



[2.42]

[2.43]

obtained (2.12). In a line similar to the least-squares ocakemma 2.20a,

P = % [log ﬁim — log %: exp(—ﬁf“m)}
= 1 [log 1?—7” + log AL — logz exp(—ﬂfm)] (2.41)
L
=+ 1 [log lf)m + log AL + logﬁm}
B Pm Wi
Now take average with respect to the weigtitso obtain the second statement. The in-
equality follows from the proof of Lemma 2.20b. O

DEFINITION. Forg > 0, the almost differentiable weights for mixing shrinkag&raators
are
exp(—pBfm,

- )
=S ey MEM <'

P = P (B)

Thus, the mixture estimator is formed:
0= po0™.
meM

We proceed to bound the risk estimate using Lemma 2.38. Btiifi will have a technical
result bounding the Kullback-Leibler divergence.

LEMMA. Foreachn € M, let

pm = exp(—£h,)/ > exp(—£})

keM
and
gm = exp(—L5,)/ > exp(—L}).
keEM
Suppose

sup |8, — (1] < K,

meM
thenD(p|| q) < K?/2. Equality holds if (@)K = 0, or (b)£2, — ¢%, = constant for all
m € M.

Proof : We will prove a weaker version of the lemma for the purposes bely. The general
proof is similar. That is, weD(5¢|| 5) < 832 holds for3 > 0.

First, if 8 = 0, then it is trivial thatD (5°|| p) = 0 since bothp and become the uniform
distribution onM. Assume thag > 0. In light of (2.35) and the remark below it, we prove
this by cases. Assume that|? > d — 4 such that,, — 75, € {0,4} for eachm. Let

Mt ={meM: iy, -7 =4}
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Then,

Oy, Z M exp(_ﬁ'f‘m)
log £ = B(#,, — 75,) + log =2 —
Pm ( ) ZmEM eXp(—ﬂT’,fn)

ZmeM eXp(—ﬁf“fn) 674B{mEM+}
Lmerm eXp(=075,)

-t {1 3 )

memt

= 4ﬂI[{m€M+} + IOg

Denote
~c def ~
i = pfn <1,
memMt

and observe that if eithem™ = @ or MT = M (such that the constant offset of 4
uniformly over M gets normalized out), theif = p andD = 0. So, we may assume that
M is a proper subset 0#1 so thatd < p$ < 1. Sum the above expression ovet with
weightspy,, to obtain

D(p°|| p) = 4Bp5 +log(1+ (e —
<ABps + (e -1
=p5UB+e -1
< pi(4B)?/2
< 83%.

1)p%)

7

)
)

The second cag&l|®> < d — 4 is similar, except that we work with the definitions

e def

M ={meM:¢,—7,=0} and p; = o <1,

meMO

which play the roles oM™ andp. in the proof respectively. a

The first term of the unbiased risk estimate satisfies
1
B

Furthermore, withh® = Egp° andp. = Eopr, andps = Eops,,

Eo Y fpinfm

meM

COROLLARY. [2.44]

BHEM)

D Pfm <P+ 88+ 5

meM

[H(ﬁc) +log ﬁm] <P +88+4+

can be upper-bounded by any of the following.

(@)r. + 86+ /5 [H(p%) + log p.];

(0)83 + /5 [H(p®) —log 3=, pq exp(—Brm)];

(©) 1.+ 88+ 4+ "/5[(1 — po) log(H#M — 1) + H(pS)];
(d)r. + 80+ 4+ w(#M)/B.



[2.45]

Proof : Putw = p¢ in (2.40). Itis clear that
b < 4p.
Also, D(p°|| p°) < 83% from the previous lemma. Combining these bounds yields the

results for parts (a), (c) and (d). Part (b) follows simydriom mixing (2.41) withp®. O

The analysis of its unbiased estimate of risk, accordinch&oabove lemma, requires
calculating
Vit (X) = 242, X = 2A,,(X

[Cf. (2.33)]. Compare this with th& 7, for least-squares (2.14) — there is an extra
factor here. This turns out to cost us a factor of two in theangypund for the risk estimate.

- ém)7

PROPOSITION The two-set shrinkage mixture estimator has an unbiasadastof risk
upper-bounded by
PN faffm — (1= 89)

meM

é _ ém|2i| )
Proof : From (2.39), it suffices to show

Vi« (0 —0™) < 2(1 +maxay) Y pr,|0 — 0™, (2.46)
meM J ™
where2(1 + max; a;) < 4. Since
Yo Ve, = A X — Ap™
=X — 0™ — A,0T,

and sinceX — § is not a function ofn, we apply Lemma 2.10 to obtain

P Vi (0—0") =2 " prn(0— 0™ — A0™) . (0 —0™)
meM meM
zz{zﬁfnm_émﬁ PonAm0™ (6 — ™)

Thus, we want to bound the second quantity in brackets on ight rside.
3 P (Am™) L (6 — ™). Let

A= "prA

i.e. A a diagonal matrix with the mixed shrinkage weighi#s, 1 < ¢ < d} on the diagonal,
and agairu™ is the shrinkage weights under model Then the left side of (*) becomes

Z pm Z az ;n 12(0’2 - a;”)
_ Z‘X2

_ AC m
a; = Pm @

m

_me mI A ) ] [(

pmai" (1 = ai")(ai — ai")

m
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We now apply the following result to show

pm (1 —a; )(al - a;{n

) <a; Zﬁfn(ai - a;m)Q
m

LEMMA. LetY be areal random variable with finite meanThen
(a) for any real numbex, we have

varY =E[A-=Y)(up—Y)].
(b) If Y is a non-negative random variable with< X, then
EYA-Y)u—-Y)] <pvarY.
Proof : (a) Take expectation i\ — Y)(u —Y) = (u = Y)> + (A — pu)(p - Y).

(b) We may assume thaf has finite variance for the inequality holds trivially othése.
Since)l — Y > 0, we have

YA-Y) (=Y {p >V} <pA=Y)(p-Y){p>Y}
YA-Y)(u=Y){p<Y}<pOA-Y)(u-Y){n<Y}

Combining the two inequalities yields the following, whiake can integrate and apply part
(a) to obtain the result.

YO = Y)(u—Y) < pA—Y)(u—Y) O

m

[2.47]

We can now continue by identifying mixing witf over M as an expectation. Apply the
lemmawithA = 1,Y = a*, u = a,

ZX meaz 1- al” a; —a m < ZX a; m _ a;n)2

m m

<ZX maan me a; —ai")

m

Pim Z X3(

= (maxa;) Zﬁmw-m

(max aj)

by noting that both:}", a; € [0, 1] by definition. Finally, combine with the above to give
(2.46). Then the proposition follows immediately. a

Note that the factor of in Proposition 2.15 has turned &here, and the equality is now
demoted to an inequality. But this would still permit us tg@apbound the risk below. Here
is an interesting by-product.

COROLLARY. The two-set shrinkage mixture estimator with egch /s is minimax. [2.48]
Proof : An unbiased estimate of risk férsatisfies
PN Pfm < do O
meM



[2.49]

[2.50]

Remark: The mixture estimator is probably minimax for a largeas well be-
cause all the component estimators being mixed are minifftaxweights being
dependent on the data presents some difficulty in the prdaf.above is a simple
way around it. N

2.3.4 Risk Bound
We now have a new risk target
re =P (M) = min 77 = min E [§™ —0)?
meM meM

against which we gauge the performance of our mixture eshim#/e restate (2.16) here to
display the relations between the risk-related quantiti¢ke new two-set shrinkage case.

E¢7+« = Eg min 7, < minEg7,, = minr,, = 7.
THEOREM (Two-Set Shrinkage Mixture Risk Bound). For the mixture of two-set shrink-
age estimatof, whens < 1/8, we have
P <P+ 88+44+ Y(#M)/0

and hence, R
E |0 — 0> <r.+ 88+ 4+ h(#M)/B,

where for eacts > 0,

i

w(#M)Smax{K, log I;l —1}. O

Observe that the additive penalty beyarid is larger than that in the least-squares case.

But the new risk target is usually lower than that for the former — the only excepii®n
that there is a shrinkage overhead of about one per set alioates when the true parameter
6 within and without the setn areboth small Indeed, the corresponding risk target for the
subset models can get down all the way to 0 but the shrinkaleaiget cannot.

EXAMPLE (Two-Block Shrinkage).  Recall Example 2.4 in which the medee written

asM = {3,...,d — 3}. We use the convenient notation below to write the coeffidien
first block, ending at coordinate € M, and that for the second block as
Xew = (X1,.., X)) and X, = (X1, - -+, Xa), (2.51)

respectively. Then the estimator under moateis

ém(X) )X - Y Xem)Xs fi<m
’ X (X)X ifi>m

The continuous risk estimate for this is

P = ([ Xem|® = [m = 27 (Xam) + (1Xel* = [d = m = 2)7(Xe )

20

Mixing these estimators with weighgs, oc exp(—/s7#<,) gives an unbiased risk estimate
that can be bounded by

P <N prafm < Fu 5+ 8P(H#M) < i + 1+ log(#M),
meM

wheref, = min,, 7. In addition, ifd > 13, then#M > 9 and the first bound above can
be loosened to
7 < 7« — 3 + 8log(d — 6).

The risk can be bounded by taking expectation,
E |0 — 0 <r.— 3+ 8log(d — 6).

The bound is useful for moderate dimensionality, gay 20 or so, because the excess
beyond the target is less thdnthe risk of the least-square procedure. For instance,

d | 7 10 20 40 100 200
54 8[1Vlog(d—6)—1] | 13 13 181 252 333 391
5+ 8 (#M) 72 107 157 201 257 30.0

However, in simulation, the performance of our mixture rastior is very good, and the

excess beyond the risk target is merely aldogtd. In any case, our oracle inequality has
a smaller additive constant than those obtained in theatitee; and we stay clear from any
multiplicative constant||

One implication of this two-set shrinkage risk bound is tih@ncourages us to to mix
across many models, because we know that the “penalty”smter the risk at by most its
logarithm. Thus, in a canonical model withdata points such that? = 1/n, this bound
suggests that we can mix across a number of models sub-geoimet. This is useful
whené? tapers very slowly ini. In the function estimation setting, this means that anydgoo
representation of the signal requires many basis functions

Before we discuss simulation results for the two-set slagiekmixture estimators, we
want to emphasize that the risk target here is often muchrltves that used in the subset
regression examples (although there is an overhead of &®uwthend is small because
each application of the positive-part James-Stein estimaintributes about 1.25 in risk
even when the underlying is 0. We shall now segue into an interlude about our new risk
targetrt®, by analysing related risk quantities.

2.3.5 Risk Targets: A Comparison with Ideal Linear Estimation

In this section, we explore the fact that shrinkage estiomatising the the (regular) James-
Stein estimator is close to ideal linear estimation wheresignate) using a linear function
of the observationX with the coefficient between 0 and 1. Not surprisingly, trek rof
the regular James-Stein estimator is extremely similardhthe positive-part James-Stein
(estimator). Therefore, one can characterize the lagkry the (unachievable) risk of the
ideal linear estimator.

We first examine the risk of the original one-block JamesrSistimator
d )X.

éS:(l—W
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[2.54]

[2.55]

(Recall our notation = d — 2.) Itis well-known (e.g. Lehmann and Casella, 1998, Chapter

4) that the regular James-Stein estimator has the followmgased estimate of risk

d~2
Ps =d— —. 2.52
s XP (2.52)
DEFINITION. ForL > 0, let
*¢>/2 >
Z k' L+ 21{:7 $20

k=0

with gz, (0) = 1 andlimg . gz (¢p) = 0 for eachL.

PROPOSITION The risk of the James-Stein estimator has this closed fopression.
E 0 - 0s” = d — dga(|0]*).

Furthermore, it satisfies
2<E|0—0s)° <d—ua(|0]*)

with

where the minimunifo|fs|> = 2 is achieved a# = 0. It is a concave increasing function
in||?, and
lim E |0 —0s]* =

1612 — 00
Proof : It is well-known that the non-central chi-square randomngixa | Z|> can be de-
composed into a Poisson mixture of central chi-square randwoiables. (See for example,
Lehmann (1986), p. 428.) That isX|> ~ x3(¢), where¢ = |0|* is the non-centrality
parameter, anfiX |? has the Lebesgue density

e /2 Z —(qbf?)l fayai(), ¢ =10
i=0 ’

wheref;, is the Lebesgue density of a (centrgf) random variable. Hence,

1
EBW = EKNPOi(¢/2)EVKNX§+2K |:— ‘ }—(i|7 d) = |9|2
iefwz ¢/2 1
= kKl d—2+2k
= g4(¢)/d.
Then the risk expression follows from (2.52) and its upped wer-bounds follow from
the following technical lemma about the functigp. O

LEMMA. For eachl > 0, the non-negative functiogy, : R* — R
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(a) satisfies
et < gL a() <

L+¢§9L(¢)S1;

(b) is convex and decreasingdn with maximum atyr,(0) = 1. Also g}, (0) = —%ﬁ'
Proof : (a) The upper bound 1 is obtained by dropping khim the summation. For the
exponential lower bound, it suffices to show that

> (¢/2)F L é ¢ L
y e > *? Xp<_L+2) :eXp<§L+2)'

k! L+2k—
But this is immediate from the Taylor expansion of the righhtl side. Namely, for each
L >0,

L \* Lk L* L
= = < = forallk=0,1,....
(L+2) LF+ (N)2LF—1 ... = LF+2kIF1 T L+ 2k e

To showgr —2(¢) < £25 < g1(¢), we compareyr (¢)£E2 andgr (¢) L1552 with 1 for
L > 0. Thatis, letae = 0, 2,

Lta+¢ _ % (°L)* L ¢
94 kzo AR 7T el s
_ﬂ/zi Cp) (L 2 L
okl \L+2 " L+alL+2(k-1)

and it suffices to observe that the parenthesized coeffec@nthe right,

w0 L, 2k L% B
o L+2k  L+2(k-1) “L+2k  L+2k N
L 2k L L 2k

T2k "Ti2L+2(k-1) L2k

Thus,gr—2(¢) < 55 < gr(¢) for L > 2.
(b) The following shows thag;, < 0 andg; > 0.

a=2:

’ _ *¢/2 ¢/2 L
9r(¢) = Z k' (L +2k)(L + 2k + 2)
0o —dr2 e (0/2)F L
gr(@) =2e7% kU (L +2k)(L+2k+2)(L+2k+4) -

Remark:See Appendix 2 for more interesting facts aboutghdunction. N

Pinsker (1980) and Johnstone (1998) examined the ideatiesdlinear “estimator” of
the formcX, for a deterministia: = c(9) which minimizes the risEq|cX — 0|

6]
d+16)?

=cq =

<
T Ir oA D{k> /L= !
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So0 < ¢4(f) < 1 and this estimator could be termed the idealized lineankhge estima-
tor, as this is neither a statistic nobana fideestimator since it requires the knowledge of
the unknowrd. The minimum risk is the harmonic mean of the squared northasid the
total variance:

E |0 — 6 =

Observe that the idealized risk has value 0 when 0 and asymptotes td as|d|?> — oo.
It is bounded by .

E |0 —0u)* <dA|O].
Moreover, it is very close to the risk of the James-Steimestor.

PROPOSITIONA The risks of the James-Stein estimaftgrand the idealized linear shrink-
age estimatof; are tightly coupled.

E|0—6u* <E|0—0s> <2+E|0— 0y

Proof : This is a direct consequence of the previous propositionlamma 2.55a. Let
¢ = |0]?, then

~ d
4= dgy(0) 2 d1 = 9y(0)] = 7.
= d? dé dé
d—dg; d— = = .
9a0)sd=mp SIT T ST
And risk bounds follow. O

Remark:Perhaps a more remarkable way to tell the story is in the dealdiorm
for regression with a sample sizesuch thab2 = Y/,,. In this setting, the two
risks, when normalized, are asymptotically equakas co.

E |0 —6s)> =E |0 — 0a* + O(Yn),

n — oQ. <

Therefore, one can interpret that the regular James-Sgtimagor provides a way to
empirically estimate the ideal linear coefficient®fand it does very well in matching the
idealized linear estimation risk target. In fact, the pesipart James-Stein estimator does
even better. Unfortunately, its risk cannot be expressetbsed form. But we know that it
is uniformly lower than that of the regular James-Steimasator (see Lehmann and Casella,
1998, Chapter 4). However, we know that the overhead of tisitipe-part James-Stein
estimator at = 0 is only about 1.2, as opposed to 2 for the original Jamesi@&&timator,
say, from their respective unbiased risk estimates,

N N a2 -
Ew#—mﬁﬁzmwﬁs@mKﬁ—?ﬁﬁsﬂwo&
d

wherex? is a (central) chi-squared random variable wittlegrees of freedom. However,
the two risks are very close for larg@j? (as this can be gleaned from the fact that the two
estimators shrink’ by the same portion for largeX|?).
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Now we consider two-set shrinkage. Given a madel_ {1,2,...,d}, we first write
QEm - (ai)iEm

We then would like to consider the idealized risk formed byependently estimating .
andfg,, for the setsn andm® by

0™ = (ciXi)i<d,

and ng = (Qz)lgm

Ci = Cm]I{iEm} + Cme I[{iEmC}
wherec,, andc,c are allowed to depend ah Due to the independence of the two sets of
coefficients, it is clear that
o loenP 1ol
" |bem]? + #m 0gm|* + #me
The risk of this two-block ideal linear estimation risk, givm, is simply the sum of the
ideal linear estimation risks for the individual sets,

. . 2 2 c
o _pig g _ Lol Hm | 10gnm
Oem|? + ##m ~ |0gm|? + #me

We are interested in forming a risk target that represemtsdhthe best estimator among
m € M.

and  c¢me

i = min 7]
* meM me

And it is clear from the one-block shrinkage results thas tiigk target is closely coupled
with our two-block positive-part James-Stein risk targgt. Hence, when we discuss in the
next subsection the simulations we conduct for two-sehkage mixture estimator, we will

compare its risks against both targefs andr.

2.3.6 Simulations

As in Section 2.2.4, we have simulations in four scenarios:
1. Constant One-Block,
2. Gradual Decay
3. Odd or Even Function
4, Ramp-Up with Cut-off

Please refer to the descriptions in Section 2.2.4 for detail

In this set of simulation results, we have ugge= */4 in our mixture estimator. But we
have also trie = '/s and3 = '/ — the performance of the mixture estimator is not very
sensitive to the choice ¢ in this region.

Also, be careful that thg-axes of the following plots do not have a common scale.
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Figure 2.5: Risk and Targets: Constant One-Blatkox Tiicioy

We plotted the leading-term target (circle) hé#€ A 10 for reference, which stays above
the better target of the ideal two-block linear target (éasbquare). The latter is just the

ideal linear target on the leading-terms
i 10|16/

T I0+0R
The two-block positive-part James-Stein target (dashesisgrstays roughly 2 to 2.5 above

that.

Our 2-block shrinkage mixture matches the James-Steiettémg smalld but is worse by
3 =~ log d for larged. It outperforms the leading-term target féf between 2.4 and 4.6.
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RISK & TARGETS d=20, G?D]/i
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Figure 2.6: Risk and Targets: Gradual Dec#y.< 1/i

Except for the overhead of 2.5 for sméllthe James-Stein target stays below the leading-
term target.

Our 2-block shrinkage mixture is almost on top of the Jamte#Sarget, which in turn is
not much worse than the two-block ideal linear target.
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Figure 2.7: Risk and Targets: Odd or Even Functig@fo T¢; oday Figure 2.8: Risk and Targets: Ramp-Up with Cut-&ff. (i — Dllg<15y
The conclusions here are similar to the previous case. The conclusions here are similar to the one-block constsg.c
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Chapter 3

Controlling Model Complexity

As we saw in Example 2.29 that the previously developed thg@ids a poor oracle
inequality for the all-subset case because of the excesdemaf models considered, we
would like to have a way of mixing a large number of subset nmdavouring the models
with lower complexities.

Related to coding in information theory is the assignmentofeight of the form
exp(—Chp) for modelm, whereC,,, > 0 is thecomplexity for modelm. This is a number
depending omn only (and not on the observations) deduced fi@priori assumptions that
could be subjective. We will give an example later. The Bareterpretation of this is
that we employ the prior probability,,, o< exp(—C',) for modelm. In information theory,
the complexity is interpreted as the length of the codewnrd uniquely decodable code.
Thus, the higher the complexity of a particular model, theemaoding units it takes a code
to describe the model, and the lar@éy, is. In this regard, these complexity numbers must
satisfyKraft's inequality (see Cover and Thomas, 1991, Chapter 5)

> exp(—Cm) <1

meM

S0 as to guarantee a uniquely decodable code. We requireettésalso for the validity of
later analyses. But this is not necessary for the well-ddfiases of the weights with these
complexity regularization in place that we are going to employ. Indeed, it is the retativ
sizes ofe~“™ that control the relative importance of the models.

ExamPLE (Complexity-regularized Subsets).  We would like to model prior knowl-
edge that the coordinates at whigs nonzero exhibit the following patterns with the asso-
ciated complexities, which are expressed in the coding“maits’, for its relation to the use
of the natural logarithm (as supposed tmt§’ for binary digits when expressed in base-2
logarithm).

Nonzero coordinatesrf =) ComplexityCh,

0 log4+0
{1,2,...,k}, k>0 log 4 + logd
{ki,....k2}, O0<ki<ka<d log 4 + log (%)

any othern with #m =k, k=1,2,...d | log4 +logd + log ({)
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The complexities are chosen for the following propertiesstFthe above four cases have
equal probabilities of/4. And no coding is needed to describe the empty set, suchtghat i
complexity is jusfog 4. Second, it takebg d nats to describe one out dfcoordinates, and

it takeslog (Z) nats to describe any distinct coordinates, arldg d nats to describé < d

in the last case.

It is easy to check that these complexities assigned to thielpsatisfy Kraft's inequality
Y omexp(—Chm) < 1.

3.1 Complexity of Subset Models

We modify the weights of our models to reflect their respectiomplexities. Now, each is
proportional toexp(—/f3#m — Cm). Thatis

/3 _ eXP(—ﬁf“m — Cm)
N exXp(— B — Cryr)
To continue the Bayesian analogy, ngw has the interpretation of the posterior probabil-
ity of modelm given the dataX, becausexp(— (7 ) acts as the “sampling” probability
density given modetn, and hence the usual normalization appears in the denamiasin
the Bayes formula.
It is straightforward to check that the new weights stillisfigtthe equation in (2.12)
because&”,,, does not depend oN such thatvVC,,, = 0 for eachm. Hence, the statements
of Proposition 2.15 also holds for these new weights.

(3.2)

PROPOSITION
yields6 with an unbiased estimator of risk

=3 b — (1= 490" - O]
meM
Furthermore, fob < 8 < 1/4, the risk estimate can be bounded by

PN pmim,

meM

Mixing subset estimators with complexity-regularizingigtds in (3.2) [3.3]
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3.6]

with equality wher3 = /4. a

Denote the “prior” for modeln asm,, = exp(—C,). Now the analogue of Lemma
2.20 follows. This quantifies the combined risk estimatagishe minimum of complexity-
inflated risk#y, + /g Cr, (up to a factor of3).

LEMMA.  With 1n defined byfs, + /5 Cm = ming, [fm + /5 Chm], the combined risk
estimates admits this representation

S pmfem = P+ %[Cm ~ D(pllm) +log o (3.5)
meM
In particular,
m;\/t PmTm < min [fm + %Cm:l-
Proof : First,
Pm = % [log Zm — log Z exp(—ffm — C’m)].

meM
Now by adding and subtractings, + /5 C., we have

m

1
P = Py + = [Cm +log T
/6 Pm

Now average with respect to the weiglgts to obtain (3.5). For the second statement, the
definitiont of D and Kraft's inequality implies that

D(plm) > —log 3 7 > 0.

+ log ﬁm] .

Therefore, the negativity of the last two terms in (3.5) g&ethe bound. d

This first expression in the lemma says that the combinedeassinate is simply the
minimum of the complexity-inflated risk,;, + /53 Cy (up to the scale factof) minus
some adjustments. Thus it is upper-bounded by the quantibout the adjustments. The
Kullback divergence ternD would be small if knowing the datX does not make the
posterior weights differ much from the prior weightg. At any rate,D is non-negative
becauser is a sub-probability by Kraft's inequality. And just as bedpif /i is a strong
minimizer with few competing models:, the boundog g < 0 would be tight because
pm IS close to 1. Otherwise, there are further risk savings dukis term.

Note that the log-cardinality additive price before is navbsumed in the”,, /3 term,
which would have been aboit; log(#M) as before if the models were equally consid-
ered.

THEOREM. For the mixture of least-squares estimadowith complexity-regularized
weights, wher8 = /1, we have

E |0 — 0]* < min[ry, + 4Cy]. O

1Or simply, letr’ be a normalized derivation afsuch thatr,, = 7/ >",,, ©m for eachm. Then
D(pllw) = D(p|=") = 0.
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See section 2.6 of Yang (2004) and section 10 of Catoni (18%)jmilar oracle inequal-
ities for prediction for mixing arbitrary regression fuimts. They yield an additive cost in
excess of the best model risk of the same order as ours, thbeghconstant depends on
the assumptions of the error and the uniform upper-bounth#regression functions, and
can be quite large.

3.2 Complexity of Two-Set Shrinkage Models

There is a parallel story about controlling complexity i fhwo-Set Shrinkage Models.
Please note that all the risk and weight-related quantities 5, C (and the subscripted
versions) refer to the shrinkage case in this section.

Recall the definition for the continous risk estima{e’§, } (2.34). We now define the
complexity-regularizing weights as,

Cn)
- Cm’)

5C exp(_ﬂf’fn_
" exp(=pr,

which are almost differentiable, and we shall use them fodimgiour estimatorg6™}.

(3.7)

LEMMA. Definemn by #s, + /5 Crm = minm, [fm + /s Cm], the combined risk estimates3.8]
admits this representation

AC A A 1 AC ~AC ~ ~
> #wim = it 5| O = DG lm) + D(15) + log ]
meM
In particular,D(p¢||p) < 84 and
3" ufm < min [fm T lcm] + 86.
meM m ﬁ

Proof : The proof is completely analogous to the least-squares defer to Lemma 3.4
and Lemma 2.38. Also, Lemma 2.43 still holds with the comipyesegularizing weights,
which yields the required boun < 8432. |

THEOREM. For the mixture of two-set shrinkage estimatamith complexity-regularized [3.9]
weights (3.7) with3 = /s, we have

E|0—é|2§min[rm+1+80m]. O



Chapter 4

Discussion

4.1 Bayesian Considerations

We mentioned that the data-driven weightir the models are analogous to the Bayesian
posterior probability for weighting the estimators undee models. Here we clarify this
connection for the mixture of least-squares estimatoingdhat the unbiased risk estimate
for the least-square estimator under each model is relatat:. However, when we exam-
ine the shrink-two-set estimators, we are deriving an esktenthat is non-Bayesian.

Nevertheless, our justifications for using the weights id]2 are rooted in neither AIC
nor Bayes, but rather that the unbiasedness of the risk @&timn,, provides a common
ground for model comparison, and the models should be weadghtcording to some de-
creasing function of these risk estimates. The use of therexial function is vindicated
because it yields the clean risk bounds with simple yet timpplications of information-
theoretic tools.

4.1.1 Form of Pseudo-Bayes Estimator

The crux of the Bayesian interpretation lies in the fact thBaiyes estimator in our canonical
multivariate normal mean problem (under squared-erra)loan always be written as

X + Viogpw(X) (4.1)
where
pu(e) = [ ¢z —0) dw(d)
Rd
is the marginal density induced by the priorfor 6, and¢ the standardi-variate normal
density. This is a because the Bayes estimator is the pastaean
EO|X]|=X+E[©—-X]|X]
where the posterior expectation on the right can be written a
Vpu(X) _ [0 = X)¢(X —0) dw(0)
Viogpw(X) = =
B =5 T T - dud)
using Bayes formula and integration by parts with the nomieaisity (Note thap., (z) > 0
for anyzx by the normality ofX | .) Many estimators, even if they are not formally derived

from a prior oné in a Bayesian framework, can be written in such a way with sother
function ¢ in lieu of p,,, and Brown (1971) showed that all admissible estimatorgHisr
problem have to be in the form (4.1). And the functipis calledpseudo-marginal density
because it needs not integrate to one (any constant scailihganish under the gradient)
and it needs not come from integrating duvith respect to a prior measure.

What remains are the questions

1. Can our mixture estimatérand its component estimata#& can be written in such
a form (4.1)? What are their respective pseudo-marginaditiesq andg.., ?

2. Are there prior distributions fdat that would induce these pseudo-marginal densities?

We answer these separately for the subset models and favdHeldck shrinkage models.

4.1.2 Least-Squares Estimators for Subset Models

The first question has an easy answer for the least-squairgEss on subset models.
Conditional on modetn, we take

gm(X) = exp(—1/2f’m) = eXP[—% Zgsz? — #m+ g ,

which does givé)™ = (Xill;emy)ica With Vlog gm = —(Xill;2,,)) by puttings =
/5 in our weights.

It is common to use model selection to choose one approgsidiset model, and then
use the least-square estimator for each subset model. ©hkepr of figuring out the prior
distribution for @ that would give rise to a Bayes procedure mimicking this,hie sense
of choosing a model with the maximum posterior weight, haanb&udied. See Hartigan
(2002) for a good survey. It is well-known that it requiresraform improper prior on the
parameter in the subset model to obtain a Bayes proceduredimides with the least-
squares estimator for that model. The difficulty involvethis arbitrariness of the height of
the uniform prior, because any scaling has no effect on theétieg estimator (least-squares)
under the model but does affect the posterior probabilifethe models. In other words,



one needs to specify the preference between any two medalsdm’. If we assume that
this only depends on the difference between the model diimesisthen this can be cast as
the ratio of prior weights (the concept of probability istiasie to the lack of an absolute
scale) between two models of dimensions, Bandk + 1,

weight (#m =k + 1) der
weight(#m = k)
with 0 < w < 1 since the prior must give preference to the models with lafieiensions
to counteract the fact that the larger models give betterHitgstigan examines this (for the
one-dimensional cas€ ~ N (6, 1) such that there are only two modefs= 0 andé € R).
His method for selecting is based on specifying the desired level of significancestirtg
whether the extra variable should be included. He furthewstthat the choice

e !~ 0.147

1
w \/ﬁ
coincides with AIC for selecting the model with the highesserior weight. This is exactly
what we use, as is apparent from the fact that the Stein'sisabirisk estimate for model
is exactly AIC’s criterion up to an additive constahtAlternatively, we equate the posterior
weight of@ = 0 in Hartigan with ourp, for the leading-term case with= 1

¢(x)  _ exp(=2?/2)  aer .
o@) tw  exp(—a?/2) et
to obtain thew above. In the general subset case, it is equivalent to ugimigaof

w?™ = (V2me) #™

for modelm.

Note that the above discussion is only limited to the gase '/>. However, using other
values of3 can be interpreted as using a modelling density with a diffevariance other
than 1. For example, whef = /4, as required for our cleanest risk bounds, the effect of
this discrepancy is to make the form of the dependence of &ights on the sum of squares
of the left out coefficients,,, X} more diffuse (that is longer-tailed, though still with
exponential decay) than they would have been Witk /5.

George (1986b) provides the methodology for producing teagdo-posterior probabili-
ties for mixing estimators under different models, and #pplies as long as the component
estimators can be written in the form (4.1) (without consitg any prior distribution.) He
also provided a formula for Stein’s unbiased estimate &f ofssuch a convex combina-
tion of estimators. But he focused on component estimatdtts superharmonic pseudo-
marginals, because they are minimax; and he further shdwadrt this case the resulting
mixture estimator will also be minimax. But he did not exaetihe subset model estimators
in particular, probably because their pseudo-marginasat superharmonic. Indeed, if we
view this problem in his framework, it implie§ = /2, as a true (but improper) Bayes
procedure should. Therefore, wigh, = exp(—"/>7), its Laplacian

Vg (X) = (X7 = g (X) = (30 X7 + #m — d) gun(X)
may not be negative.
George studied positive-part James-Stein estimatorlglbseause it is minimax.
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4.1.3 Two-Set Shrinkage Estimators

The (one-block) positive-part James-Stein shrinkagenastir ond coefficients can be eas-
ily seen to in the form of (4.1) with

Viogq*(X) = —vX, Wwherey= (1 A %),

where we recall thal = d — 2. George (1986b,a) examined this case closely, and his
pseudo-marginal is

¢'(X) = (ﬁ) g

if |)(|2 > d~} _ (6/7)*7\)(\2/2‘
exp(—|X|*/2),

if | X2<d

This can be shown to be superharmonic, and thus, the regytisitive-part James-Stein
estimator is minimax. However, this only agrees with ourygemarginal

g"(X) = exp(-7)

for 3 = Y2 and | X|* < d, but they otherwise differ. Moreover, even in this regime,

George’s pseudo-marginal will not agree with quising the continuous risk estimatg;.
Using George (1986a), the pseudo-marginal for the twogiaihkage estimator (on the

setsm andm®) is simply the product of the pseudo-marginals for the il blocks.

am(X) = ¢"™ (Xem)g® ™ (Xegm)

George did provide a way of putting prior weights for modelshvdifferent dimensions,
what he called calibration, but he did not provide any thécaé justification for setting
such weights.

4.2 Concluding Remarks

The sharp and exact oracle inequalities for finite-dimaraioegression presented in this
thesis are appealing. One by-product is that is that thesetshrinkage estimator is min-
imax (it dominates least-squares, which has tskand in general can be used instead of
least-squares if the mean squared-error is the only come@rnegression problem.

Future research possibilities include lettidggrow with n and examine whether any
blocking or partitioning regression scheme can achieveraitacle inequalities or minimax
risk targets. With some mild regular conditions, our thecay be made to accomodate a
countable number of models (when the cardinality of the rholdes grows with dimension
d — 00).



Chapter A

Appendix

A.1 From Function Estimation to Canonical Regression

In this appendix, we want to show how function estimatiorelated to linear regression by

using a linear parameterization of a function via a basis.

Linear Parametrization of a Function via a Basis
We observe’; € R through the following model:
n:f(Xj)_‘—Ejv j:1727"'7n

whereX; € R? are distributed ag ande; are independent errors distributed§$0, o%)
and independent of alk;. In particular,E [Y; | X;] = f(X;). The unknownf is a real
Ls(p) function we want to estimate. For the moment, we assafrknown —we leave it in
a general form for its flexibility in our analyses.

Suppose the function takes the form

f@) =3 Bipi(z), BieR
i=1

where{y; };cn are given linear independent functions spanningu). It is often believed
that the function is approximated well by the leading terms

Zﬁz‘%(l’)

although the decay rate of the approximation error witls not known. Ifu is given, we

may assume that the bagig; };cn is orthonormal by a procedure like Gramm-Schmidt that

preserves the leading-term models. Then

5 = / F(@)pi(x) dps(z)

and in vector notation,

where®(z) = (p1(x),p2(x),...) and3 = (B1,32,...)". Consequently, estimating
amounts to estimating

f(w):®(x)B:Z¢i(w)Bi(Y), Y =(,Yz,-,Yn).

The square loss
I£ = 1% = [ 1$@) = F@)? duta),

can then be computed using

oo

IF =12 =528 - i)* = 8- B

=1

by the distance-preservin, — ¢, isometry.

Common procedures consider estimates that use thefiassis functions and then select

m. For any givenmn, the risk so obtained is
ra(m) =Y E(Bi—B:)°+ > 5
i=1 i>m

which can be interpreted as the tradeoff of variance and Biasinstance, one may use
. 1 n
Bi=— > i(X)Y;
j=1

which produces an unbiased estimatgpbf variance of ordet/,,. There is a best), =
m}(f,o?) that achieves the best bias-and-variance tradeoff

7o = ra(m;,) = min {ZE (Bi =B+ 5?}
=1

i>m

A natural question is whether there is an estimat¢g ¢fvithout knowledge ofn;, and f)
that has a risk nearly as smallgs



A Simplified Problem using the Canonical Linear Model

Some aspects of the problem are simplified by consideringd fiesign, or conditioning on
X = (X1, X2, , X,). Let®®) (z) = (p1(z), p2(z), -, or(z)) be thek-truncated
basis, wherek < n is the largest size model that will be considered. Denotenthe k
matrix

™ (X)) e1(X1)  p2(X1) Pr(X1)
A=a®(x) = <I’(k).()@) _ [ #(X2) pa(X2) or(X2)
@(k)(Xn) ©1(Xn) @2(Xn) Pr(Xn)

For simplicity, takek = n and assume that has full rank. Then our problem is transformed
to the following approximate model,

Y =AB+e (A.1)

whereY = (Yl,YQ, s ,Yn), B = B(k) = (ﬂl,ﬂz, v ,5k)t, € = (61762, s ,En)t.
The approximate aspect of this model is the neglecting obths from omission of basis
functions{; }:>n» in the representation gf. For simplicity, we assume here the validity of
(A.1) with ¢; iid N(0, o?).

Let S*'S = (Y, A*A)~!, where the square-root matri may be taken to be upper
triangular for the ease of computatibnThen an equivalent simplified model is

7= Lsaty = lSAtAﬂ + Lgate
n n n
=S5"'"g+4¢
=0+¢
such that, conditional o, the new response
Z ~ Normalg (6, O’il),

with unknown mear = S~*3 and known variance? = ¢*/n = 1/n by lettingo? to be
unity.2

Lif the basis{(; };en is orthonormal inLs (i), then%AtA is almost the identity matrix for large
n, whenceS is also close to the identity, and our new paramétisrclose to the originab = S’6.
2We basically have reduced the problem to a white noise ohternvmodel,
Z; = 0; + oné;, t=1,2,---,k
whered; are unknown, and; are iid N(0,1). The per-dimension error variane€ = o2 /n has a
scale of'/,, chosen to emphasize the regression framework.

Alternatively, one could start with a Gramm-Schmidt pragedto orthogonalize the design such that
QR = AwhereQ is ann x k matrix with orthonormal columns anBl is k x k upper triangular. Then
we work with the model

Y = Q8™ +e

where3(*) = RB. An equivalent model is then

AL QY = n—72 G 4 n="/2 Qe=0+¢
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However, in the literature as well as in this thesis, we oftd&®c2 = 1 for convenience,
especially when the problem at hand deals only with a finitede. We also také = d as
the (truncated) dimension of our problem as an approximadtidhe original one.

A.2 Incomplete Gamma function,g;, and Gamma distribution
The functiongr, was defined for evaluating the risk of the James-Stein estimighe com-
plementary incomplete Gamma function was used for evalgatie form of the Bayes
estimator using the Strawderman prior. The two are closalgted: they are essentially
conveniently standardized version of each other, but el ffior a negative argument when
the other function is only defined for a non-negative domain.

Recall our definition ofjz, conveniently standardized for the James-Stein risk etialua

> x k
_ —x/2 (/2) L
gu(z) =e kZ:O K L+2k

>0, L=12,...

Using the complementary incomplete Gamma function

r>0 >0
we could writegy, as

gr(z) =

e*mé(_f)*m L =z
2\ 2 "\ 72 )

by extending the definition of for z € R. This is justified by an application of the ratio
test, showing that the related series defining both funstmmverge for each € C,r >
0, L > 0. Thus,g;, is also defined fo. > 0,z € R. So,

1 _—=x

v(r,x) = gor(—2x)x """, zeR

When z > 0, v(r,z) also defines the cummulative distribution functiéh. of a
Gammat, 1) random variable

v(rz) =T(r)Gr(z)
In other words, one could more succinctly write

Go() _ 2 Gol*ho)
G ()~ @ Gith)

whereGy.(z) = 2"~ 'e~"/T(r) is the density of a Gamma(1) random variable.

r>0, z>0.

gor(—x) = x>0,r>0,

where § = n—'2 RB. The errorsé = n=/2 Q’e, conditional on X, are distributed as
Normaly (0,02 1) for 02 = 02/n. We estimate3 from the inverse transform of an estimate of
0

n

A% = n(R'R)"'R'6.



Whenr is a positive integer, the function admits a finite sum regméation

=T(r) [1 e i %}

k=0

r—1

y(r,z) = (r—1)le”” [ez — Z %

k=0

becaus®{Gamma(r) < 2} = P{Poisson(x) > r}, and this expression holds also for the
extension tar € R because of the uniform convergence (o@gof the series stated above.

Thus, whenL is even,g;, also admits the following finite sum representation usisg it
relation toy(r, x):

) = r! e /2 —T71 7(_w/2)k r x
927-()—(_/2)T|: kZ:O T }, €N, zeR

31



Bibliography

Akaike, H. (1970). Statistical Predictor Identificatiomnnals of Instititue of Statistical
Mathematics22:203-217.

Akaike, H. (1973). Information Theory and an Extension of tdaximum Likelihood
Principle. In Petrov, B. N. and Csaki, F., editoBecond International Symposium on
Information Theory267-281, Budapest: Akadémia Kiado.

Baraud, Y. (1999). Model Selection for Regression on a FRedign. Probability Theory
and Related Fieldsl17:467—-493.

Barron, A. R. (1987). Are Bayes rules consistent in infolior@ Springer-Verlag.

Barron, A. R., Birgé, L., and Massart, P. (1999). Risk baufiot model selection via
penalization.Probability Theory and Related Field$13301-413.

Beran, R. and Dumbgen, L. (1998). Modulation of estimatord confidence set&nnals
of Statistics26(5):1826—1856.

Berger, J. O. and Pericchi, L. R. (1996). The intrinsic Bafgesor for model selection and
prediction. Journal of the American Statistical Associati@1:109-122.

Birgé, L. and Massart, P. (1997). From model selection tptide estimation. In Pollard,
D., Torgersen, E., and Yang, G., editdfestschrift for Lucien Le Cam: Research Papers
in Probability and Statistics55-87. Springer-Verlag, New York.

Birgé, L. and Massart, P. (1998). Minimum contrast estor&fon sieves: exponential
bounds and rates of convergen&=rnoulli, 4(3):329-375.

Brown, L. D. (1971). Admissible estimators, recurrentaifbns, and insoluble boundary
value problemsAnnals of Mathematical Statistic42:855-903.

Buckland, S. T., Burnham, K. P., and Augustin, N. H. (1997pddl Selection: An Integral
Part of InferenceBiometrics 53:603—-618.

Catoni, O. (1997). Mixture approach to universal model&ea. Preprint 30, Laboratoire
de Mathématiques de I'Ecole Normale Supérieure, Paris.

Catoni, O. (1999). “Universal” aggregation rules with exa@as bounds”. Preprint 510,
Laboratoire de Probabilites et Modeles Aléatoires, G\Raris.

32

Cavalier, L. and Tsybakov, A. B. (2001). Penalized blocler8tein’s method, monotone
oracles and sharp adaptive estimatidathematical Methods of Statistjcs0(3):247—
282.

Cover, T. M. and Thomas, J. A. (199Blements of Information ThearyViley, New York.

Donoho, D. L. and Johnstone, I. M. (1995). Adapting to Unkn@®wmoothness via Wavelet
Shrinkage.Journal of the American Statistical Associatj@432):1200-1224.

George, E. I. (1986a). Combining minimax shrinkage estimsatlournal of the American
Statistical AssociatiorB1:431-445.

George, E. I. (1986b). Minimax multiple shrinkage estiroatiAnnals of Statistigsl4:188—
205.

George, E. I. and McCulloch, R. E. (1997). Aproaches for B&aye variable selection.
Statistica Sinica7:339-373.

Goldenshluger, A. and Tsybakov, A. B. (2001). Adaptive Ritieh and Estimation in
Linear Regression with Infinitely Many Parameter&nnals of Statistics29(6):1601—
16109.

Hartigan, J. A. (2002). Bayesian Regression Using AkaikerBr Technical report, Yale
University.

Hoeting, J. A., Madigan, D., Raftery, A. E., and \olinsky, T.(1999). Bayesian model
averaging: A tutorial (with discussionsjtatistical Sciencel4:382—-417.

James, W. and Stein, C. (1961). Estimation with quadrasis.|tn University of Carlifornia
Press, editoiProceedings of Fourth Berkeley Symposium of Mathematiedis8cs and
Probability, 1:361—-380.

Johnstone, |. M. (1998)unction Estimation in Gaussian Noise: Sequence Modlail-
able at www-stat.stanford.edu.

Kabaila, P. (2002). On variable selection in linear regaess€Econometric Theor18:913—
925.

Kass, R. E. and Raftery, A. E. (1995). Bayes factalsurnal of the American Statistical
Association90.773-795.



Lehmann, E. L. (1986)Testing Statistical HypotheseSpringer-Verlag, New York, second
edition.

Lehmann, E. L. and Casella, G. (1998)heory of point estimationSpringer-Verlag, New
York, second edition. (originally by E.L. Lehmann, 1983).

Leung, G. and Barron, A. R. (2004). Information Theory, Mio8election and Model
Mixing for Regression. IrProceedings of the Conference on Information Sciences and
SystemgPrinceton.

Li, K. C. (1987). Asymptotic optimality fot”,,, C'r,, cross-validation and generalized cross-
validation: discrete index sefinnals of Statistigsl5(1):958-975.

Pinsker, M. S. (1980). Optimal Filtering of Square IntedeaBignals in Gaussian White
Noise. Problems in Information Transmissiph6:120-133. translated from Russian.

Rissanen, J. (1978). Modeling by shortest data descripfiatomatica 14:465-471.

Schwarz, G. (1978). Estimating the dimension of a modeinals of Statistics6(2):461—
464.

Shibata, R. (1981). An optimal selection of regressionaldes.Biometrikg 68(1):45-54.

Stein, C. (1973). Estimation of the mean of a multivariatenmed distribution. InProceed-
ings of the Prague Symposium in Asymptotic Statissi45—381.

Stein, C. (1981). Estimation of the mean of a multivariatermad distribution. Annals of
Statistics 9:1135-1151.

Strawderman, W. E. (1971). Proper Bayes minimax estimatbtise multivariate normal
mean.Annals of Mathematical Statistic$2(1):385—-388.

Tsybakov, A. B. (2003). Optimal rates of aggregation. Ind&@kopf and M.Warmuth, ed-
itors, Computational Learning Theory and Kernel Machines: Leethtes in Artificial
Intelligence 2777303-313, Heidelberg. Springer.

Yang, Y. (1999). Model selection for nonparametric regimss Statistica Sinica9:475—
499,

Yang, Y. (2000). Combining different regression proceddoe adaptive regressiodournal
of Multivariate Analysis74:135-161.

Yang, Y. (2003). Regression with multiple candidate madsd$ecting or mixingStatistica
Sinica 13:783-809.

Yang, Y. (2004). Combining forecasting procedures: soreeritical resultsEconometric
Theory 20:176-222.

Yang, Y. and Barron, A. R. (1998). An asymptotic property addal selection criteria.
IEEE Transactions in Information Theqr§4:95-116.

33



